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L,OGIC AND PROOFS

INTRODUCTION

Logic is concerned with the method of reasoning. Logical reasoning is used in many field
like to prove theorem in mathematics, to programming in computer science, many logical expression
are used in algorithm. Prepositional logic is the area of logic that deals with prepositional. A truth
table displays the relationships between the truth values of propositions.

PROPOSITION CACULUS ~

Propositional calculus is the branch of mathematics that is used to describe a logical system.
Using logic a person can solve specified problem. The method of drawing conclusions in some
manner is called logic. Logic has provided us a systematic way to think over a specified problem.

The science of art of exact reasoning or art of pure and formal thought according to which
the processes of pure thinking should be c?nducted. Logic provides rules and techniques and thoughts
for determining whether a given argument is valid. A logical system consists of:

- Statement: It is either a meaningful declarative sentence that is either true or false

- Truth table: Truth table shows the truth results of logical connectives.

- Definition: A definition is a statement that explaihs the meaning of a term.
PROPOSITION |

A proposition is a meaningful statement that is either true or false, but not both. The value
‘true’ and ‘false’ is denoted by T and F respectively.

There are two types of propositions:

- Simple: The statement without connectives whose truthness depends on a single statement
IS called simple statements.

Eg. He is a doctor.
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and q is the compound statements ‘p or q',
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- ﬁa:._:.._E_n._.. The statement formed by joining the simple statements and whose truthn,
depends on combination of two or more statements is called compound statements. ;
Eg. Delhi is capital of India and capital of Rajasthan is Jaipur,
LOGICAL CONNECTIVE
Connectives are the symbols or words that are used for making compound statements,

:.n_.n we m_ﬁz discuss about the some simple and basic connectives (conjunction, disjunctig,
and negation). conditional connectives (if then) and bi conditional connectives (iff). -

Type Connectives Symbol | Use

5
m._aﬁ_n And (Conjunction) | - pArq
Simple Or (Dispnction) v pvqg
Simple Negation o t=p [
Condiional If then - p =q
Bicondtional | Ifand onby if > peq

_nen.wsamn: (P A4, p and q): Let p and q be two simple statements, then conjunction of
p and q is the compound statements “p and q’.

Conjunction of p and q is denoted by p  q.
Truth Ev._nm_..n.....mﬁru_u »q is true when both p and q are true otherwise it will be false.
Eg. P: He is a doctor
q: His wife is an engineer.
P ~q: He is a doctor and his wife is an engineer.
Truth table for conjunction:

T = e
T = | 4o
e BT

Disjunction (P 4, p or g): Let p and q be two simple statements, then disjunction of p
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Conjunction of p and q is denoted by p  q.

Truth table shows that p g is true when one of the p and q are true or both p and g are true
otherwise it will be false if both are false,

Eg. P: He is a doctor
q: His wife is an engineer,
p vq : He is a doctor or his wife is an engineer.

Truth table for disjunction:

=i T = e
i b B

| 4| 3=

Negation (—p, not p): Let p be a simple statement, then negation of p is “not p”.
MNegation of p is denoted by ~p.

...EEEFEEE& ~p is true when p is false and p is false if ~p is true.

Eg. P: He is a doctor.

~q: He is not a doctor.

Truth table for negation:

~q
I
T

| e

Implication (p —q, if p then q): Let p and q be two simple statements, then the statement
“if p then q” is called conditional statement or implication.

Implication of p and q is denoted by p —q.

The statement p is called antecedent or hypothesis and the statement q is called consequent
or conelusion,

Logicallyp - q = ~Pv @

Truth table shows that p —>4 is false only when p is true and q is false otherwise it will be

45



" Discrete Ezrnﬂn:n__
= s — - o —
true.

Eg. p: He is thiesty
q: Tie wili drink water.
p —»q ITheis thirsty then he will drink water.

Truth table for implication:

l-p-f].{l-—;._.r
|| =l

=== ==

Importani Result related to implication p —q:

Propositions that are related to an implication p —q

Converse of an implication p —»qis(q —p) VK
Contra positive of an implication p —q is (~q = ~p)

Inverse of an implication p —qis (~p - ~q) N
Eg. 1 Consider the following sentence

P: He i thirsty,

4 Me will driak water.

_ur::_"amn_u:nn:c.::mnuz__.n_.m?nn.:; positive and inverse of the given
sentences.

Sol: Implication (p — q) = If he is thirsty then he will drink water.
Converse (q —»p) = If he drink water then hé is thirsty.
Contra pesitive (~q — ~p) = If he don’t drink water then he is not thirsty.
Inverse (--p —» ~a) = Fhe is not thirsty then he will not drink water,
ni q..w:.__..___azum Au,.m.w g, p if “___w_ﬂ_ onlyifq): Let p'and q be two Eﬁ—omﬁaﬂ:ﬁuﬁ. E_an the
statement “p if and onlv @™ is called Bi-conditional statement.
Implicatioi: of p and q 15 denoted by p «.q.

Logicaliv p ¢2»q =(p =} alg =p).

..-.‘.\vmu..ohm.- Proofs

- mu=g P o i =i both b and 4
Truth table shows that p < q is true only when both p and ¢ ai true OF Wilei DO HHEE

are s
Eg. p: He will go to market.
q: He will have complete his work.
p «>q: He will go to market if and only if he will have complete his work.
Truth table for Bi-conditional:

i peq

4T

F ol

Ee B
|

| e

o S e |

T
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Note: Iff is abbreviation of If and only if. So these have same meaning and used for same

sense.

PROPOSITIONAL EQUIVALENCES

Compound propositions that m_.iﬁ.m have the same truth value are called logically equivalent

(denoted by = ).
Logical equivalences involving fmplications &
* T
Logical Equivalences Involving Implicauons
p-q= ~pvq
p2q=~q > ~p
Pvqds= ~p =4

pagm ~(p »~q)
~(p2>q) =p A ~¢
(P =>q) Alp =D =p »>(q A1)
p =1 Alg =»1) m(p vg) >
p2q v =20=p->@vn
(po>rvig >0 =(parg)-r

- S

Logically equivalences involving hi-conditional

Ars e 0L [Togical Bquivaiences volving Birconditionals |~
poqep2aa@>p 00000000 | C
peqe ~p& ~q g
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2 f Truth qu_u_nlnmum,.. E.....n..wh.r oo
Eg. 2. Test the Truthiness of following statement with the help of Tru . © (P9 vr=(pv—iqyn
(a) () (@) R (d) Sol:
Sol: (povr=A
(a) Lasconsider p =(g Ar) =sA K (pv—=(qv r) =B [Let's consider|
(p =9 ~lp =n=B Truth Table:
Truth Table =l i r pvr qvr p—q P .._—.
.%\l\ T T
ey 1 qnrr P9 P2t A ] T F H T ' T x:
T (1. |t T T T T i | o T T T
. F T F F = P& T L T F i
I Ir— 1= F T F o - LS = = 3 :
o A S F F F g | W T T T T 3 =
(F|T T T T T T T X F F T E ] T
F 1T [F F T T T | F T T T L 3 L
LF F T T T T |5 1E F E F T 0 T
. - F T T T / | =
Sothat A=B @ (-9 A@=p)=peoq
Hencep (g 21) = (p 59) A(p —1) Sol: Let’s consider (p>q) A (g—p) = A
®)  pagune(psqvip—r) perq=B
Sel: Let’s consider Truth Table:
p Jh.ﬁ v TFA&
p q p—>q | q-p A B
(p=qi.(p=r)=B b T T T T ¥
5 'L F F T F F
r quvr p—gq Por T F T T F F F
T E 4 T T T B
T T F T T W x : . - . . = .
T F i T F T % T
w. .__... R F T 7 : .M.. Algebra of propositions
2 T
F—tT - - w M T T (1) Double Negation law
[F F = T T T Proof: Truth Table ~(~p) =p
| T . T
T
[p ~p | ~(~p)
SothatA =B .

=P =gvr) s(p —»q)uip 1)

S
17
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|Il|.......mmu
(2) Idempotent Laws:
(a) PvP=p
b)) pap=p
Proof: Truth-Table
p p~q | pvq
T & T
F F F
(3) Associative laws
(a) (Pvg) vrmpviqwr)
(b) (PAg) ar={paglar
Proof: Truth Table
p q r (pvq) |(pvg vr [qvr | pv(gvr)
x L T T ) T i)
a4 T F T i T T
T F 4 i L T T
T F F T T F T
¥ T i by iy L T
F T F T T T T
o) F F T F T T T
F F F F F F F
lp 19 Ir T@prg [(pra)ar [arr [palans
T (It T T
T T F T 1F F F
i i F E F F F F
®) [F T F F F P i

(]
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Logle=—

(4) Commutative laws
(a) Pvqeqvp
(b) PAagq=qap

_uaom_. = =
vq W
T s 1
T F T T
F 1 T T
(@) [F F F F
P q pAagqg lga
g T 1) T P
T F F F
F T
b [F F F F

(5)  (Distributive laws?

(a) _w vigvn = v vip v
(b) PAl@vr)=(pag vipan
Sol: Let's consider

pv (@A 1)=A
&{pvalpvr=B

(a)

p q r (pvq) |(pvr) |[(qgvr) |A B
T T T T T T T T
T il F T T F T T
T F B i i F T T
P F T L T F T T
T T T T 1 TT T T
T T F T F F F F
F F T F T F F F
F F T F & ¥ |F F

(b) Let’s consider p A{q v =A

48



94 Discrete __Su:.nu.pzn
|l||rf.m.,
(p~nq)vip AaT)=B
Truth-Table:
p a r Prq | @rn[qgar [P |Q
l
[T T T T T T T T
T : F T F T T T
T F T F T T T T
i F F F F F F F
F T T F F T F F
F T F F F 114 F F
¥ F T F F ¥ F F
¥ F F F F F F T
(6) De Morgan’s law
(a) ~(pv@)=~pa ~q
(b} ~(pAad=~pv ~q
Proof:
(a)
|
LR q (pvg) | ~(pvq) [ ~p ~ = PAs
[T T i i || A F. F F 1
(£ 13 1 F T F T
{b)
P [a (PA Q[ ~CPAD <P T=a | pv-qa
| T S & o ¢ e :
LT F F “E F i - T :
LE F F T T T T

95

_ mmr..?._n Proofs
Tautologies: A compound proposition that is always true is known as tautology.
Eg.pv ~p
P - P pv—-p
T—[F T Az T
F § 3 o

Eg.3 Prove that (p A q) —p is a Tautology.
Sol: Truth-Table

(prq |(pnrg)—op
T

| == =
] ] Y
| et 7t
5[ ==

So, (p ~q) —p isa Tautology.
Contradiction: A compound proposition that is always false is known as contradiction.

Eg.pn ~p

-p
T
113

| =
e | e -

Eg4 Prove that ~[(p ~q) —p]isa Contradiction: -~ - —
Sol: Truth-Table

rq 1{pagr—p | ~[(p Ag)—>p]

=

| || e
3| | | e
=l =[=

| t| | P

[=[=[=[=F

So, ~[(p A q) —p)is a Contradiction.
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PREDICATES:

A predicate is a word or words in a sentence which express the property or nature of th,
subject.

A propositional function p(x) has two parts: the variable x is the subject of the statemen
and the predicate p is the property that the subject can have.

Eg. p (x) = x1s divisible by 2.
Here “is divisible by 27 1s predicate and x is variable.
The truth value of p fx) depends on the value of x.
It can be determined when x is assigned a value.
QUANTIFIERS:
Quantfiers can be used to indicate how frequently a predicate p (x) is true. In a propositional

function the truthness of the p (x) depends on the values of the variables. When these variables are
assigned the values then we can determine that resulting statement is true or false. There are two

possibilities that .
For all values, the statement is always true or
There may be some values for which the statement is false.
On this basis Quantifiers can be categorized into two parts:

Universal Quantifier [vxp(x))-Ina propositional function if for every value of variable

in a particular range, predicate is always true then such a statement can be expressed _.En__.w the
universal quantifier

Let p (x) be a predicate defined in a set A such that
vixeA)p (x)

Which is “for every x in A, p (x) is true statement” is called universal quantifiers.

Eg.5 The proposition v (ne N) (n+5>4) is true since for every natural number the predicate
P (x) is always true.

Existential Quantifier [3x p (x)]:In a propositional function if =E=... exist
value for which predicate is true then such a
quantifier.

uu__owﬂ. one
statement can be expresséd using the existential

Let p (x) be a predicate (defined in a set A) such that

—

97

( gie And Proofs

3(xed) p (1)

Which is “There exist x in set A such that p (x) is true statement” is called a existential

..._.___u_._mm.ﬂ..

Eg. The proposition 3(ne N) (n+1<4) is true since for natural number | R 2 the predicate

p ...3”- is true.

In briefly we can understand the quantifier the using the following table.

ment When True? When False?
4unh (% P {x) 15 true for every x. There & an x for whch p (x)is
fake
Axpix) There is at least one x forwhich | P (x) & fake for every x.

P () B true.

* Eg.6 Given following statements

p(x): x>0

g (x): x 1s odd

r (x): x is perfect square
s (x): x is divisible by 2

.., Write following statements in symbolic form
a) At least one integer is odd.

b) There exists a positive integer that is odd.
c) If is odd, then x is not divisible by 2.
&) - Noodd integeris divisible by 2.

.Sl

a) 3(xel g )

RSN T
¢)  wxlg @ (=s)l

d) wx[B(0) > (=GN

50
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Components of Mathematical System
The following are the components of mathematical system

I. Undefined Terms: Any term used in describing the whole is said to be undefin
term.

Eg. Points in geometry.
2. Axioms: The proposition that is accepted without any proof is known as axioms,
Eg. A+B = B+A

3. Definition: Definition is a symbol or set of word which converge some expression thy
is too lengthy.

Eg. The definition of square the quadrilateral whose all side are equal and each angle is
of .

4. Theorem; A thcorem is a general conclusion which can be derived by axioms, definition,
undefined term and another previously proved theorem.

Eg. The sum of angle of a triangle is 180°

5. Lemma: The small thcorem which is used to prove another theorem is known as
lemma.

6. Corollary: A corollary is quickly proved theorem from some other theorem.

7. Proof: Aproof is a logical argument that establishes that a specific statement, proposition,
or mathematical formula is true,

It consists of a set of assumptions (also called premises) that are combined according 10

logical rules in order to cstablish a valid conclusion. Three types of proof are used for proving
theorem,

(a) Direct Proof: In a dircct proof, a given conclusion can be shown to be true. TH
conclusion 1s established by logically combining the axioms, definitions, and earlicr theorems.

In other words we can say that in direct proof we always consider the conclusion is trué and
for proving it truc we uses axioms, other proofs, lemma and facts

For example by dircct proof we can prove that"sum of angle of trianglc is 1807 . Now for
proving it we uses others theorem, lemma and other facts and finally prove it

Eg.7 Let the following statements be true,

If I am weak, then 1 will study.

I

ic And Proofs 99

e e

1will play or I will not study.

I will not play.

Show that the statement ‘I am not weak’ is true.

Sol: Let p. q and r represent the following statements:
P: I am weak.

q: 1 will play.

r: 1 will study.

The given statement can be written in form of p, q, r, as
p—>q,qv ~rand ~r.

According to question we want to prove that — p is true. So using direct proof first we know
that ~r is true. But between g and ~r one should be true so q is false or ~q is true now p — q shows
that ~q — ~p is true so ~p is true,

(a) Indirect Proof: In an indirect proof, a given conclusion can be also not to be false
and, therefore, it will be true.

In other word we can say that first we consider the conclusion is false and then proving this
assumption adding with the statements of other premises of the theorem which leads a contradiction,
These contradictions show that our assumption is wrong and conclusion is true. For example there

are some theorems which can’t be proved using direct proof just as” /3 is irrational number”.

Now for proving it we assume that 2 is rational number-and prove this assumption and finally

obtain a contraction which shows that our assumption is wrong. So /2 is irrational number.

Eg.8 Let the following statements be true.
Jf 1 am lazy, then I do not study.
I study or I enjoy myself.

I do not enjoy myself.

i Ve . W:1
RO — ‘[ am not lazy’ is true [MCA 2008, M I

Sol: Let p, q, and r represent the following statements:
: Let p, q,
p: | am lazy.

q: I study
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— 5
r 1 enjoy myself

The given statement can be written in form of p.q.ras
P—-q.qvrand ~r.

According to question we want to prove that ~p is true. So using indirect proof assume
that p is true. Since p is true then using p— ~q. ~qisalsotruei.e. qis false. Now ris also false b

cither q or ris true. This is not possible. So it’s a contradiction. Our assumption is wrong. So ~pis
true.

() Proof by contra positive: If an implication statement is proved by its contra positive, i1
s known as proof by contra positive. ic. let’s consider a sentence is p—»q then its contra positive
willbe ~q— -~ p sop—qecan be proved by ~ q—»np is true.

Eg. Prove that “if 3n+2 is odd, then n is odd™ using the proof by contra positive. ,
Sol: Assume that

P 3n+2 s odd

q nisodd

Now for proving p—q by ~q— ~pistrue. So « - q isnis not odd i.c. n is even, thenn
= 2k for some integer k. now

3n+2

=3(2k) +2

= 203k+1). which is also even, so it is not odd. $0 ~q— ~p is true. So we can say that
P—q
ARGUMENTS

An argument 1s an assertion that a finite number of statements Py P, .....p, called premiscs
- n
or hypotheses gives another statement denoted by q 1s called the conclusion.

PPz P4

Vahdity of an argument depends on all the prenuses 1.¢. if all
conclusion 15 also true. In other words we can say that if py, p,.
argument s valid There are following methods to check the val

the prenuses are true then
“P» =g shows the tautology then
ity of arguments:

table for the given arguments

Simplification method: Using the standard method of simplification we reduce the given

i And Proofs 101
I
p_.m._._:_ﬁu- toT 7
Inference rule method: In th method we simplify the given argument using some rules
pown 85 rules of inference, these rules are:

Rule of Inference Tautology Name
P p—=({pvq) Addioon
pAg (pAg) —>p Simplification
_

Gp
p ((p) A @) =>(prg) h.,o:._:_._ﬂ_o:
4
L P AQ .
P | _..;_.,‘.wlvnu_lvq Modus poncens
=y
M.U“ _raﬁﬁﬂu¢ﬂ!+hﬁ‘ Modus tollens
P24 .
— = (p—>r) Hypothetical
R (P> (g>rN->(p e
q—=r
— D T

= isjunctive
Py [(pva)r~ Pl—q o
gy
- Resolution
Py _T.Eu..vh;f pvr)l>(gvr)
- G

ﬁ@.ﬁmmﬁob_m

Very Short Type Questions:
! Define implication.
What is proposition”
Define logic

What is quantifier”

et

i
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4]

Define predicates
What is axiom?
Define theorem

What do yvou know about proof?

Short Type Questions:

7

Define proposition and its tvpe

What are connectives?

Define the npe of proof

Define tautology and contra dictions with example.

Define the term predicates and propositional function,

Explain logical equivalence of two propositions by using suitable example.
Prove the Demorgon’s law using truth table.

Long Type Questions:

1
2

3

What 1s argument? How ean we check the validity of arguments?

Write short notes on proof and indirect proof and proof by contra positive with example.

Wrnite short notes on Propositional calculus

Prove that

(a) (p ..m__.l.\:_.nu..._.._»,?_n:.._
(b) Porge(prg)v(-pr-gq)
(c) (P=q)r(prr)ups(pnr)

Show that the propositions p « (g - r)and ( p sq)nilp Qw__u-n _nm_.am__v‘ equivalent

Define the Quantifiers and its types

Qoo

—

L=
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=

B00OLEAN ALGEBRA

Introduction

George Boole developed the concept of Boolean Algebra. It is used for developing math-
ematical logic. It is used for design of electronic computers, switching eircuits etc. In Boolean Alge-
bra, logical reasoning is defined by symbols. It is a algebra for manipulation of objects that can take
only two values as true and false which is as similar as computer are build as collections of switches

that are cither on or off,

piah g =

Definition

A non empty (or non void) set B together with two binary operation addinon (+) and multipli-
cation (-) and unary operations complementation () on B is said to be Boolean Algebra. The Boolean

Algebra is based on certain laws as follows :
(a) Commutative laws
ab=ha
at+b=b+a

{b) Distributive laws

a(b+c)=ab+ac
a+(be)=(a+b)(ave)

(c) Identity laws
al=a
a+ll=a

(d) Complementation laws

53
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Proof:

(¢} Idempotent laws
deg=g
aa=a

(f) Boundedness laws
a+=l=]

al=0

(2) Absorption laws

a+ab=ga

ala+b)=a
(h) Demorgan's laws

(a+b)'=a"h"

(ab)'=a'+b’

Prove absorption laws

(i) 2+ab=g and

(ii) aja+b)=a

(MLHS. -2

=a(l +b)

=a.(l) leh=]
=a val=a

(i) LH.S. afa+b)

=aa+ab

=a+ah V= a

—_

105
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Hhﬂ_ +.._qv

=a.l v(l+b) =1

=4a

Prove the following

(i) (a+b).(b+e).(c+a)=ab+beica

(i) a+a'b=a+h
(iii) a.(ab)=ab

(iv) a+(a+b)=a+h

(i) LHS. (a+b).(b+c).(c+a)

=(a+b).[(e+b)(c+a)] (Using Commutative Law)
=(a+b).[c+ba]
=(a+b)c+(a+b)ba
= ac + be +aab+abb
=ac+bc+ab+ab (- aa=a)
=ac+bc+ab (va+a=a)
=RHS.
(i) LHS. g+a'b
{Using Distributive law)

“(asa)asb)
=l{a+b)

=a+b

=R.H.S.

(Using Complementation law)

54

T W e —

s

—



106

Discrete Math,

(i) LH.S. a(ab)

Eg 3.

Sal.

=aab
=(a.a)b

=ab=RH.S.

(iv) LHS. a+(a+b)
=(a+a)+bh

il (a+a=a)

Prove that

(i) ?._.u.v.._“n.._‘nvunh.va.b

(i) (a+8).(b'+c)+b.(b'+c')=ab'+ac+b

(iii) abe+a'+b+e'=]

(v) abe+abe'+ab'c+a'be =ab+be +ca

(v) ?+£.+_?+v.u_.ua.

(i) LHS. _“n+$.?.+n“_
=aa'+a'b+ac+be
=0+a'b+ac+be T.an.l_“_v
=a'b+ac+] be
un.u+na+_”n+u.”_.?_
u:.a+aﬁ+a?+u.?“
=a'b+a'be +ac +.gbe

=a'b(l +n.”_+nn__.._+$ (v 1+a=1)

|IIJ||=.._L-.._r/_

[ean ._Puﬂu—un.n
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=a'b+ac

=RHS.

(i) LH.S. (a +b).(b'+c)+b.(b"+c")

=ab'+bb'+ac+be+bb'+be'

=ab'+0+ac+bec+0+be'
=ab'vac+be+be' (-aa'=0)
=ab'+ac+b.(c+c’) (va+a'=1)

=ab'vac+bh

(i) LH.S. gpes+a'sb'+e’

=abe+(ab)'+c' (Using Demorgan’s Law)
=abe+(abc) (Using Demorgan's Law)
=] va+a'=1)

=RHS.

(v) LH.S. abc +abc'+ab'c+a'be
=ab(c+c')+ab'c+a'be
=ab+ab'c+a'be H.,.n+n.u5
=a(b+b'c)+a'be
ua_”?.._w_._.?,rnd.rn.vc (ra+a'=1)
un_“w+....”_+a.bn

= ab+ac+a'be
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Eg 3.

Sol.

(i) LHS. a(ab)

=aab
=(a.a)b

=ab= W.:.m

(WILHS. a+—,n +3
=(a+a)+b

=a+h (wa+a=a)

Prove that

(i) (a+b).(a+c)=ac+a'h

(ii) (a+b).(b*+c)+b.(b'+c") =ab'vac+b

abc+a'+bh'+c'=1

(iv) abe+abe'+ab'c+a'be = ab+bo+ea

(v) (a+b)'+(a+b)'=a"

(i) LHS. (a+b).(a'+c)
=aa'+a'b+ac+be
=0+a'b+ac+bc (vaa'=0)
=a'b+ac+be
=a'b+ac+(a+a')be
=a'b+ac+abe+a'be
=a'b+a'bec+ac+abe

=a'b(l+c)+ac(l+b) (v1+a= 1)

.lllllll[||.|||||.|.|.|.l|||
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=a'h +ac

=RHS

(W)LHS. (a +b).(6"+c)+b.(b+¢")
=ab'+bb'vac+bo+bb'+be'

=ab'+0+ac+be+0+he'

=ab'+ac+be+be' (- aa'=0)
=ab'tac+b (c+c') (-a+a'=1)
=ab'tac+h

(i) LHS. ghe+a's b'+gt

=abe+(ab)'+c' (Using Demorgan's Law)
=abe +(abc)' (Using Demorgan's Law)
=1 (va+a'=1)

=RHS.

(iv) LH.S. abe+abe'+ab'c+a'bc
=ab(c+c')+ab'e+a’be
—ab+ablcta'be (wat+a'=1)
=a(b+b'c)+a'be
ua:u;.u.?::.é# (va+a'=1)
=alb+c)+abe

= ah+ac +a'be
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=ab+ n,—.z +dl ._w_
=abh +ﬁ.Mﬁt + n.‘v_n: +..._Z

=ab +nT~+3

=ab+ac+ch

=RH.S.

(v) LHS, (a+ &_“..+A.._ +4 ..._.

=a'b'+a'(b')" (Using Demorgan's Law)
=a'b'+a'b

=a'(b'+b) (a+a'=1)

=a’

Boolean Functions and Boolean Expressions

Boolean Expression:

— |

Any expression built up with a finite set of variable or.its complement by applying operations |
addition (+) or multiplication ().

Boolean Functions:

A Boolean expression f(x.%,....x, ) of » variables is a function from pto gif it can be

determined by the Boolean expression e (x.x;....%,,)

Eg.

S(x.y)=x"+ythen

7(0,1)=0%1
=]+1=1
J(L0)=1%+0

n Algebra
Boolean 278¢ L 109
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Hw_m.naa.. muc,_nm_._ nxn_...ummmoa may determine the same boolean functions. In these case the
Boolean expression will be equivalent standard (special form of Boolean functions).

Minterm:

In a Boolean expression of variable, the product of all » variables (cither in complemented
or uncomplemented form) are known as minterm.

For eg. If we have two variables @ and b then possible minterms are ab,a'h,ab’ and o'p'. The
number of minterms are 9,

Maxterm:

In a Boolean expression of » variable, the sum of all » variables (cither in complemented or
uncomplemented form) are known as maxterm.

For eg. If we have two variables a and & then possible maxterms are a+b.a'+bh.a+b'and 4'+5'.

The number of maxterms are on.

There are basically two special forms of Boolean functions.
1. DNF (Disjunctive normal form) (sum of products)
2. CNF (Conjuctive normal form) (product of sum)

1. Disjunctive normal form (DNF) : This is also known as sum of products since every product term

are added in this form.
For eg, f(xpz)=x+p+x'y is a DNF.

. Express (x+y+2)( +x'z)" in DNF

Sol.  We have _n.q+,q+n:hw+ai.

=(x+y+ uv.ﬁ_”v.._m_.._.ﬁa.ug.w (Using Demorgan's Law)

= (x4 y+z)(x'+ ) (x+2") (Using Demorgan's Law)
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=(x+p+z)(ar+sxizeats )
=(x+y+z)(0+x'z+ 0+ 3'2) (- aa'=0)
=zt oyt e x s

s wisex' Tz ey
=040+ 02+ x 2+ 0+0+0+ 20"z 40

(aa'=0&aa= a)

=x(1+2)+ 0" 2% x" '
=g+’ z'+x'yz’
=xv'(l+z)+x"32’
=xy'+x'yz’ (w1+a=1)
Principle Disjunctive Normal Form

If in a DNF every term contain every variable (either in complemented or uncomplemented
form). This is known as Principle Disjunctive Normal Form or standard sum of product (SSOP).
Every term is known as minterm.

Conversion of DNF into PDNF:

To convert DNF into PDNF first we find the term with missing variable and multiply the
addition of missing variable and its complement, the simply and drop the common term.

Eg. Convert [(x,y.z)=xy'+x"3z' into PDNF
Sol. S(xyz)=x'+x")z'
=x'(z+2")+x" 32"
=xy'z+xy' 2"+ x'yz'

2. Conjuctive Normal Form CNF (product of sum)

This is also known as product of sum since every sum term are multiplied in this form

—

jean Algebra
e e S 111

For ¢& S(x.3.2)=x(y+2). (x4 ¥) is a CNF

£g. 6 Express ?+.fn.._?u‘+»..:_.m= CNF.
gol. (x+y+z)(y+x'z)

n?+.t+uu:‘¢._..ﬁn_n“___ (Using Demorgan's Law)

=(x+y+z)(x'+y)(x+2) (Using Demorgan's Law)
Principle Conjunctive Normal Form (PCNF)

If in a CNF every term contain every variable (either in complemented or uncomplemented
form). This is known as Principle Conjunctive Normal Form or standard product of sum (SPOS).
Every term in SPOS is known as maxterm.

Conversion of CNF into PCNF:

To convert CNF into PCNF first we find the term with missing vanable and add the product
of missing variable and simply it and finally drop the common term.

Eg.  Convert (x+y+z)(x'+y)(x+z")into PCNF.
Sol:  f(x,y,2)= (x+y+2)(x*+ y)(x+2)

= (x+yrz)(xepez)(xez't v

n_ﬂn+...a+.q:...__+.q.+ Z)(x'+yie2) x4y +2)(x+ '+ 27)

Application of Boolean Algebra

Boolean Algebra is used in v
on-off electric switch which may be 1 Iwo S

.\\\-.TI . d
closed

open
t docs not flow but in second state current flow in circuit. So a switch is
irren

arious fields. One important application is switching system i.e.
tates on or oft. (closed or open).

In first state ct
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said to be open if the current does not flow and it is said to be closed if the current flows. - | X Y Output
The switches are connected in two ways: . " open (0) open(0) off(0)
(i) In series open (0) closed (1) on (1)
(ii) Inparallel closed (1) open(0) on (1)
_ closed (1) closed (1) on (1)
_

only if both switches are closed (on) otherwise the current does not flow.
This is equivalent to 'logical AND' operation of Boolean Algebra.

Let's consider two switches x and y are connected in series as shown in figure.

X y L

Now 0 denotes open and | denotes closed then result can be represented as : %
X ¥ Output .
open (0) open(0) off{(0) *
open (0) closed (1) off(0) .
closed (1) open(0) off(0) %
closed (1) closed (1) on (1) | 7
8.

(ii) In Parallel : Two switches are said to be in parallel, if the current does not flow if both |
switches are open (off). |

This is equivalent to logical OR operation in Boolean Algebra, . | 1
Let's consider two switches x and y are connected in parallel as shown in figure = -

y

Now 0 denotes open and 1 denotes closed, the result can be represented as

ﬁ Questions w

Very Short Type Questions

Define Boolean Algebra,

Write the Demorgan's law.

Write the absorption law.
atab+e= ?

Define minterm and maxterm.
Write the example of DNF and CNF.
Define PCNF and PDNF.

What is switching system.

Short Type Questions

. Write the absorption law and prove it.
2. What is Boglean function?
3,
4

Define switching system and its series and parallel interconnection.

. Define the following logic gatcs

(i) OR (iif) NOR

(i) AND
Prove that _“n.+n,.__ma+3 =qg'b+ac

Prove that ab +_”n n..u_+ __;H =ah+¢
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Long Type Questions
1. Prove that the following boolean identites—
M@-b:-c)+a-b=a-b
()@ -b'+b-c)-(@a-c+b-c)=a-c
(i) @+b) - (b+c) (c+a)=('+b)  (b'+c) (c'+a)
(ivia-b+a"-b’=@'+b)- (a+b)
() [{@" - b) +c}-@+c)'=a"-¢
2. Simplity the following Boolean expressions—
()a-b+@-b'-c)+b-c
(i)a-b+(@ b-c)+b-¢
(iii) [(@" b)'+a] - (@ +b’)’
3. Factorise the following Boolean expressions in the Boolean algebra B—
(Da+a’"-b-c
(ia-b'+a'-b
(m)a-b+b-c+c-a
. Express the following Boolean Function in D.N_F
(1) [x) +x5"+ (X2 + %3] + %5 - x5
(1) (1 + %) - (%1 + x3")
(ii1) (x; +x3) - (%1 + x3) - (%' + X3)
(W) x-y+y -2) +2
2. Express the following Boolean function in C.N F.
Dx-y+x-y'+x-z
()x-(y+z)+x-(y+2z)
(iii) (x +y) - (x"+y")
(V) (x1 +%9) - (%" + %) - x4

QQd
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