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Introduction:-

Number system deals with number and their representation in different system. We can
distinguish these numbers using Base of the system.

In day to day life we use decimal number system but our computer deal various number
system like binary number system, octal system & hexadecimal number system. These number
system are widely used in digital system like logic circuits, microprocessor etc.

Natural Number: The number system which can be used to count no. of objects is known
as natural number. It is denoted by N.

Whole Number: If we include 0 in natural number system. It is known as whole numbers
denoted by W

W=-(0,1,2,3...}

Integers: The number system includes natural number, their negative & zero is known as
integers denoted by Z or I.

Zorl={..-2-012..}

Rational numbers: The numbers which can be denoted by % form, where g#0 is

known as Rational number. This system can be denoted by Q
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Irrational Numbers: The numbers which cannot be denoted by form are known as irrationa]
numbers.

Eg., V2, &

Real Numbers: Real numbers include rational & irrational number. Tt is denoted by R.
So R = (Rational number) U (Irrational number)

Complex Numbers: A number is known as complex number if it contains imaginary part

as well as real part. So we can say that the complex number is combination of real & imaginary part,
It is denoted by

Z=x+py
Where x is real part & v is imaginary part.
Arithmetic Modulo a Positive Integer

Let's consider a, b, & n are integer then the statement like @ = b (mod n) is arithmetic
g:.o;&nrﬁ.ﬁ&&ﬁwﬁnﬂﬁéﬂnscnﬁ?ﬁz a = b (mod n) is equivalent to statement,

“a - bis divisible by n™.
Eg. 28=5(Modulo 5)
=28-3=25

& 25 is divisible by 5.
Types of the Number System:

The positional numbers are of four
depends on position of the digit i ¢. if we
be changed. These types are:

Decimal system

types. Positional number are the number whose value
change the position of the digit the valye of the number will

Binary system
Octal system
Hexadecimal system

Here we study only about decimal & binary numbers system & their conyers;
rsion,
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Decimal System:

It is a positional number system with base (or radix) 10, so this system uses ten symbols or
digits like0,1,2,3 ...,

The successive position from left to right of the decimal number are units, tens, hundreds,
thousands digit.

For e.g. In 552, 2 is in units position 3 is in tens position & 5 is in hundreds position. i.e.

In 552, the digit 2 means 9, 10% =2
The digit 5 means 5, 10! = 50

The digit 5 means 5,192 = 500

Binary Number system:
It is a positional number with base 2 so this system uses two symbols or digits like 0 & 1.
Each Position in a binary number represents 0 powers of the base 2.

For Eg. If we represent a number (1001), this will be equivalent to
_x~u+cxun+oxu.+_xm¢u_w

Conversion of decimal to binary form:

A decimal number may have two parts integers or fractional or both. We use different

mechanism for integer part & fractional part.
Integer Part: For integer part we use following steps
Steps 1: Divide the decimal integer by 2.
Step 2: Write the remainder obtained by step 1.
Step 3: Now again the quotient by 2.
Step 4: Now again write the remainder obtain in step 3.
Step 5: Repeat step 3 & 4 until the quotient became zero.
Eg. (236),, = (2),
Eg(1)
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Renmunder
2 230
2 18] 0
Z W0
2 211
2 1
2 v 0
2 k] 1
2 1 1
0 1
So0(236),,=(11101100),
Eg. 2 Convert 201 into binary form
2 201 | Remmder
2 0T
2 [0
2 HT0
[2_ 1z 1
[« |6 O
Iz I3 10
[32 1 1
| 0 |1

So(201),, = (11001001),
Eg. 3 Show that (38) *(69),, = (1101011),

lution: (33) = (69) ={107)

So (107), =(1101011),

[RU BCA 2005]
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Eg. 4: Find the value of (195),, + (105),, in binary number. [R.U. B.CA 2006]

Solution: 1954105 =300
So,

mmder

g

-

3

75
7
]

0
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Re
0
0,
I
-
0
]
0
0
T

= =T

So (195),, + (103),, = (300),, = (100101100),
Fractional Part: For fractional part we use following steps: -

Step 1: We first multiply the fractional part by 2

Step 2: The integer part of the result will be either 1 or 0. We write the integer part aside &

multiply the fractional part by 2.

Step 3: Again we write the integer part aside & contain with step 2. untill we obtain’zero in

fractional part.

E.g. 5 Convert (0.625),_ into binary form.

0.625
%2
1250 1
X
0.500 [}
%2
1.000 A

80 (0.625),,= (0.101 ),
Eg. 6. (0.875),, = (?),
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0.875x2

i
1.500 I

x2

1.000 1

So (0.875),,=(0.111),
Mixed Problems:

Eg. 7 (78.65625),, = (),
Solution: Integer Pant

78 Remmder

19
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So (78),,=(1001110),

Fractional part:

0.65625

1.31250 1
x2
0.62500 i
x2
1.25000 1
%2
0. 50000 0
%2
1.00000 1

(0.65625),,=(0.10101),
Hence (78.65625),,= (1001110.10101),

¥ b e B i (lat W

Number System
Eg. 8. (201.2),, = (7),
Solution: Integer part: 5 55 —_—
100
50

L R L

b
=12~ ==

(201),,=(11001001),
Fraction part:

2 x2

03 |0
r

b

0.3 [i]

x2

1.6 1

x2 ~

1.2 |

®x2

S0 (.2),,=(0.00110011. ),
$0(201.2),,=(11001001.00110011...),

Conversion of Binary into decimal form
Integer form: To Convert binary to decimal we follow the following steps.
Step 1: Multiply each digit from right to left by 2's power i.e, 29, 21, 2°._
Step 2: Solve each term & add them
Eg. 9. (11010, = (?),,
Solution: 110101 = (1,4 2%) + (1,x 29+ (0x2) + (1 x 2 + (0x 2') + (1% 29
. =32416+0+4+0+ 1 o
=53 .



Eg. 10. Convert (100110011), into decimal form.
: . : )
(100110011), = (15 2% + (0x 2) + (0 29 + (1 x 2+ (1x 20+ (0

m—
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= 256+0+0+324016+0+0+2+1
=307
Fractional part: For fractional part use the following steps.
Step 1: Multiply cach digit form left to right by 2's negative power i.c. 2*, 2%, 2%, .
Step 2: Simply each term & find the result by adding them.
Eg. 11. (0.100001), = (?),,
Solution: (0.100001), = (1 2%) + (0x 27) + (0 2%) + (0x 2) + (0x 29) + (1 2%)
=1 x 0.5+04+0+040+ 1 x 0,15625
=(.515625),,
Eg. 12. Convert (0.101010), into decimal form.
Solution:  (0.101010), = (1x 2%) + (0 23) + (1 2%) + (0x 24) + (1 %)+ (0 29)
= 1 0.5+0+1 5 0.1254041 5 0312540
= (0.65625),,
Hence (0.101010), = (0.63625),,
Mixed problem:
Eg.13. (101.110), = *),
Solution: Integer part-
101=(1,29+ 0, 2') + (1,29
=4+0+] =5
Fractional part:

(10),=(1x2")+ (1x2%) + (0 23
=0.5+0.25+0
=0.75

Hence :E.:E., =(5.75)
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Eg. 14. Convert (111001.1101), into decimal form.
me_..-._u._"i:a:__:c:»
Integer part:
(111001}, = (1 x 25) + (1 x 2%) + (1 x 2%) + (0% 2%) + (0 2') + (1 x 2%
=32+ 16+8+H0+0+
=57
Fractional part:
(0.1101), = (1x 2) + (1 29 + (0 2%) + (1 x 27
= .5+.25+0+0.0625
=0.8125
Hence ::c::_n.:uuau.w_mu‘._:.

h@ﬁmmﬁoﬁm u

Very Short Type:

I. Define Integers.

2. Define Real Numbers,

3. What is Complex Number?
4. What is natural numbers?

Short Type:

[Raj. Univ. BCA 2003]
[Raj Univ. BCA 2004]
[Raj Univ. BCA 2006)
[Raj Univ. BCA 2004]
[Raj Univ. BCA 2007)
[Raj Univ. BCA 2009)

l. Convert the number (111001.1101), into decimal form.

2. r/ Convert the decimal 21.6875 into a binary number

3.~ Convert (111001 100), into decimal form.

4. Convert the decimal number 21 6875 into a binary number.
5. Convert the decimal 43,375 into a binary equivalent.

6. Convert (0.65625)-,, into binary system.
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Long Type:

1.

!‘-J

(a) 278 (b) 79

(c) 36.56 (d)92.625

(e) 0.205

Convert the following binary into decimal
(a) 101.1011

(b)0.10101011

(c) 110110101

(d) 101.1011

() 0.1010

Convert the following decimal into binary

Qao

I
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IMATHEMATICAL INDUCTION

Introduction

The mathematical induction is a technique to prove the mathematical statement (Theorems
or identities) for natural number,

. FIRSTPRINCIPLE OF MATHMETICALINDUCTION

We follow the following algorithm to prove that a statement is true for all natural numbers
using first principle of mathematical induction.

- Obtain p (n) by equating the given statement to prove.

- Prove that p (n) is truc for n=/.

- Assume that p (m) is true.

- Using assumption in previous step, prove that p (m-+ 1) is true.

- Now conclude by the first principle of mathematical induction that p (n) is true for
all nN.

nin+1)

Eg.1 Prove that 14243+, +n= 3

Sol: Letp (n) = 14243+.....+n= =ﬁ=m+ ) (i)

Forn=1
We get | from LHS
& by RHS, We obtain
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= p ({)d true.

Let the theorem is true for p (m)

-

mim+1)
So 1+2+3+......m= 2

Now we have to prove p (m+1) is true.
So 142+3.......m+(m+1)

|

2

mim+1)+(2m+2)
2

mim+ 1)+ 2(m+1)
1

(m 1) +2)
2

= P (m+1) is true.
=» Theorem is true wN.

Eg.2 Prove by the principle of mathematical induction

P (n): 14242%42% 420 = 201 ) (for n>0),

Sol: Let P(n): 142422422+ 428=700 -1
For n={)
We get | form LHS

& by RHS, We obtain
M:._l_ = N.:-._l_ - Mnu_ - h

= (1) is true.

(i)

(1)
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Let the theorem is true for P (m) i.c.

(i)

14242042, . ... .+ 2" =2=%-]

Now we have to prove P (m+1) is true.
124242 ...... e fmix e
=2o4.142= [using (ii)]
=22="-]
= 2m+i.]
Pime1)+1_]

= P (m+1) is true.

= Theorem is true wN.
Eg.3 Prove by the principle of mathematical induction that:

- n (n+1)(2n+1) is divisible by 6 for all neN.

Sol: Let P (n) be the statement “n (n+1) (2n+1) is divisible by 6",
For n=1
We have P (1): If1+1) (2+1)
-=6, which is divisible by 6
So, P (1) is true.
Let P (m) is true. Then m (m+1) (2m+1) = 6 3, forsome 1 eN (i)
Now, we shall show that P (m+1) is true. Now,
(m+1) [(m+1) +1)] [2(m+1) +1]
= (m+1) (m+2) [(2m+1) 42]
=(m+1) (m+2) 2m+1)+2(m+1) (m+2)
=m (m+1) 2m+1) 2 (m+1) (2m+1) +2 (m+1) (m+2)
=m (m+1) (2m+1) +2 (m+1) 2m+1+m+2)
=m (m+1) 2m+1) +2 (m+1) (3m+3)

=m (m+1) 2m+1) +6 (m+1)* = 6 4 +6(m+1)?
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= 6 { 2+ (m+1)). which is divisible by 6 gl _|
= 1
=3 P (m= 1) is troe. - 2
§ : ement is true i
Hence, by the principle of mathematical induction, the given st o Sl m+l
i P _ 2 I
Eg.4 Prove by the principle of mathematical induction: = m|.__.+m. = mﬂ
Lot Lol
Taﬂu m ] : dun 4._..-_-:. Mﬂ 1 = |- !
o= -+ a o H._ﬂ.v._
1 1 I 1 l : ;i
Sol: Let Pl =Sty ool _ = P (m+1) is true
= 2 “ = Theorem is true for all N.
TI i - -
= Sk Eg. Prove by the principle of mathematical induction. The given statement is true
for all ne N.

_ 1+4+7+...+ (3n-2) = w.. (3n-1)

Sol: Let P (n) be the statement given by

l 1 | |
_|||H_I|H_I.IN|
> ?' 2 2 P (n): 144+7+._+ (3n-2) = n (3n-1)
=Pl is troe _ Forn=1
Erﬁgﬁungﬂmﬁﬁqﬂv.ﬂ I
We have wnc"mi_uxﬁwac
&u__.,.__q\‘NH.vl_li.lmli ._II._ I {
2 2° M.. .MI. N. |
Now we have 10 prove p (m~ 1) is true _ ..._uMnA-uwaz_!—v
So, P(1) is true
%5 Pl rsdy ol 1
Z 2 Hw 2" mi-_ | Let Tﬁavﬁﬂ—ﬂr_ﬂ .H._wﬂ-uv
_ _|u_ﬂ.+i_|_n | _+n+q+_..+ﬁu§|mvu._.=__ﬁua|: :
R [using (3] 2 Q)
2™y Now we have to prove p (m+ 1) is true

I+4+7+..+(3m=2)+[3(m+1)-2)= WAE +1)(3(m+1)-1)
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Now

1
144474 +(3m-2)+[3(m+1)-2] = mi?-:ikaiv-m_

- mzas-faai,u W_uam -m+6m +2]

2

= W_u.ﬂu .rw___u+ 2]= w:& +1M3m+2)= W:: +1)[3(m+1)-1]

Sa, P fm+ 1) is true.
So, by the principle of mathematical induction, the given theorem is true for all nN.
Eg. Prove by induction that the sum of the cubes of three consecutive integers is divisible

by 9.

Sol: Let the three ﬁ.ﬁuﬁ:msn numbers are n, n+{ and n+2.
P (n) = w*+ (n+1)* + (n+2)? is divisible by 9

Forn=1
P (1)=148+27 =36 (i)
Which is divisible by 97
So, P (1) is true.
Let P (m) be true. Then,
P (m) =m*+ (m+1)+ (m+2P =93 (ii)

Now we have to prove p (m+1) is true
P (m+1) = (m+1P+ (m+2)'+ (m+3)p
=m’+ (m+1P+ (m+2)P+ (9m*27m+27)
=91+9 (m*+3m+3)=9(3 +m*3m+3) (using (ii))
=98, where =3 +Hm*+3m+3)
Which is divisible by 9

S0, P (m+1) is true

17
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So, by the principle of mathematical induction, the given statement is true for all neN.
Eg. Show that '+ 2n is divisible by 3.

Forn=1

P(l)=142 x1=3 i)

Which is divisible by 37

So, P (1) is true

Let P (m) be true. Then,

P (m) =+ 2m is divisible by 3.
e mM+2m=13, ...(ii)
Now we have to prove p (m+1) is true

P (m+1) = (m+1)*+2(m+1) = m*+143m (m+1)+ 2m+2
=m*+143m*+3m+2m+2

=m*+3+5m+3m? = m*+2m+3+3m+3m?

=3 A +3+3m+3m? =3 J+3m*+3m+3 (using (ii))

=3( 4 +m*m+1), which ,mwmimzu_n by 3.

So, P (m+1) is true

So, by the principle of mathematical induction, the given statement is true for all nN,

m @ﬂmmﬁcsm g

Very Short Type Questions:

L
2.

What is mathematical induction?
Prove the identity for first natural number

[ n(n +Ju

42%43% . 4pP=
n ﬁ 5

10
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Short Type Questions:

L.

Use mathematical induction to show that

124924 n(n+1)(2n+1)
3 tl‘l.l.-... I .
6

2 Use mathematical indinction to show that

n(n+) wu

P+2%43% |, +o*= ﬁ 2

3. Let p the proposition that the sum of the first n odd numbers is n?. Prove it by using the

4,

mathematical induction principle.

Prove by mathematical induction to show that n® + n is an even natural number.

Long Type Questions:

Use mathematical induction to show that
24224234 et = M..u_ -2 YnelN A —ﬂ.ﬁu_.._ Univ, BCA Ns.u__u.
Using first principle of mathematical induction, prove that 32 + 7 is divisible by 8forallneN,

Prove by the principle of mathematical induction that 9°-8n-1 is divisible by 64, for all integers
nx2,

Prove by mathematical induction that:
Po)=12422% ... n2"=(@n]) 2142 forneN.
Prove that n (n+1) (n+2) is a multiple of 6 using first principle of mathematical induction,

oo
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BINOMIAL THEOREM

Introduction
We know that (x+ Em =x* + 2+ * . Tofind _.,u+._.,uw we again multiply Hh._..,..vu by (x+y).
ie. (x+y) =(x+ ) (x+y)
nu.u...wnu._;u&._u +

The sum x* +3x%y+3x% + y* is called binomial expansion of (x+ y)' . If we again multiply
(x+») by (x+y) , we get the binomial expansion of (x+3)*.

Consider the following binomial expansions :
(x+y)’ =1

(x+y) =x+y

(x+y) =x* +2xp+ 2

(x+3) =2 + 3ty 43t + 5

(x+)* =x* 14’y 4622y 4402 + "

(x+) =X +5x'p+102°)7 4100252 +50* 45

The exponent on the variable x are decreasing whereas the exponents on the variable v are
increasing as we read from left to right. The sum of the exponents in each term is the same for that

11
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entire line.
Obtaining the Coefficients

If we write out only the coeffecients of the expansions, we easily see a pattern. This trian.
gular array of coeffecients for the binomial expansion is called Pascal's triangle.

1 _.ﬂa....v.uc =1
_,_H+\tw =lr+ly
._.H+le_u~ =127 + 2+ 17
(x+y) =1 +32y 4397 417
1 (x+p) =1x! 44y 4+ 60202 w4 +1p*

The Binomial Theroem

If we wanted to expand a binomial expression with a large power cg. E+¢E. use of

Pascal's triangle would not be recommended because of the need to generate a large number of
rows of the triangle. So we use Binomial Theorem. It can be defined as -

(x+a)" ="Cox"a® + "Cx™d + "Cx"at +...+ "C " ot "C %" -

Some more form of Binomial Theorem :
(¥-a)" = "Cx"a" - "Gl + "C,x"2a? - i +...+(=1)" °C x"a"
(1+x)" = "Gy + "Cx+ "Coa? +..+ "C.x"
(1-%)" = "Cy = "Cyx + "Cyx® - "C,P +...+(-1)" °C, "
(v+a)" +(x-a) =2[ Cor"a® + "Cp2a2 ; -
(x+a)" =(x=a)" =2 "Cx™a' 4 "2 +u
The points to Remember :

e The coefficient of (r+1)" term is “C_ in expansion of (14.x)".

3
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o The coefficient of * is "C, in expansion of (1+x)".

o If nis odd then ?i% ;v.&; i ?1&,. -?-&a_ both have Hulwi_u terms.

o 1 s even then {(++)"+(x=)"} has (2+1) terms.

o If nis even then ?u+n__=|_‘.a|ia_ has hmu terms.

Ex. 1. Expand T+uavuru binomial theorem.

Sol.  (x+2a) =’Cy(x)’ (20)" + °Gx* (20)]
\ T

+30,2 (28)’ + °Cyx (2a) +Cex (2a)' +7C5(x)" (20)’

um,{m:n;mawam?ug 103 (82%) +5x (16a*)+324° b
i
=x* +10x" +40x%a® +80x%a° +80xa® +324° = g /
i e
5 / m.rr = u..,/.f
Ex 2. Write the binomial expansion of ~_¢~|~nw \, /

Sol. (*-24) =Gy ()’ (2a)’ - *y(+*) (20 + °c, () 2a)

~903 () (2a)? +5¢4(+2) (2a)* - *C5(+*) (20

= %" —10x%a +40x%42 —80x*a® +80x2a® -324°

Ex 3. Find (a+b+c)'

12
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Sol.  Let us consider p4c=k
Then, (a+b+c)' =(a+k)*
(a+k)! = *Coak® + Gk + 'Ca’k? + Gk + '
=a' +4a°k +6ak* +dak’ + 1
Now using k= p+¢
=a' +4a* (b +c)+6a> (b+c)’ +4a(b+c) +(b+c)*
=a' +4a’b+4a’c +6a*b® +6a%c? +12a%be
Ln?... +3be” +#Nﬁ+%v+?. +4b%c+6b%c* +4bc’ +nJ
=a® +5* +¢? + 40%b + 4a°c +6a2B?
#6a’c® +12a%bc +4ab’ +12abc® +12ab%c + dac’ + 46 c +6b%7 +dbe®
M _,.

Ex 5. Expand T*

HL_

Sol.  Expanding by Binomial Theorem

(ol i (g (s

w3 (s

=x* +4x° +m+H,+|H|

 x

Ex 6. Find the value of (a) (x+5)" +(x- 5)°

y|

23
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(b) (x+5) ~(x-5)’
Sol.  (x+5)° +(x-5)°
o e+ a)' +(x-a)' =2[ "Cor"a® + "Cyx" a? +...
(x+5) +(x-5)° = Nﬁﬁom 30,0 % 5% 4 3C,xx m;
=2[ ¥ +250¢" +3125x
Now
(x+5) = (x-5)
w (x+a)' ~(x-a)" =2[ "Cpa' + "™ 3a 4. |
S0, (x+5)° ~(x-5) =2[*Cy¥*x5 +7Cax?x5* 4 %" x5

=2[25¢* +1250¢ 43125)
General Term and Middle Term in a Binomial Expansion:

Let us consider the (7+1)" term denoted by 7, then
* In binomial expansion of (x+a)", the (r+1)" term is given by
T ="Cx"d"
* In binomial expansion of (x-a)", the (r+1)" term is given by
T =(=1) "Cx™" 0"

* In binomial expansion of (1+x)", the .“:.Ga. term is given by

13
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Ta="Co

* In binomial expansion of (1-x)". the (r+1)" term is given by

Iy = I_...... nﬁ..1.4__.

Middle Term

. th
* Incase of n is even (1. number of terms are odd) then the middle term will be hmiw term

# o
(n=+1) (n+3

th
e Incasenisodd then — | and | ,_u ﬂgﬂmﬂonﬁﬂdi@&mﬁﬂﬁ.

T 5 \

Ex 7. Find the general term and middle term in the expression .M.:,L”_m_
Sol.  General Term Tos of (x+a)" = "C 5" "'

S0 general term of (3x-4)°

Tra =C, (3x)"" (~4) ()

y f [tk
Middle term of (3x- .Ja =| m+_;_

—-._ E-.E_g A”:_q r=3
Ty =Ty = °C; (32)° (—4)
= -34560x°

Ex8. Find the fourth term of (x4 )2,

Binomial Theorem

25

Sol.

Ex 9.

Sol.

Since general term of (x+a)”

..w...—— - _:ﬁ.__. thﬁh&

L Ty=hy, = ﬁ..ﬁum__E

=220°) "
o

*Find the sixth term of (<2 -2y)’.

' \

Since general term of (x - q)"
T =(-1f "Cx""a"

So ﬁmnu term of Tu - NLN

1=t = (&) @y

’
(E672%°

m @ﬁmmﬂcﬁmq

Very Short Type Questions

Q1. How many terms are therc in expansion of ?+£.__ :

Q2. Write the fourth term of (x+3).

Q3. Write the expansion of (x+a)".

Q4. Write the expansion of (x-a)".

Q5. Write the middle term of (x+3)*

14
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Q6. Write the middle term of (x+3)°.

Short Type Questions

= 4
Q1. Write the binomial expansion of T.r - mi i

3y
Duﬂsn:ﬁ_u:s..:mm_nxﬁua,.u:oﬁ ﬁ.ua | Iw .

X

12
13-
Q3. Find the term not containing x in the expresssion of T_i mu :

Q4. Expand (3x-2y)*

Q5. Expand (x+2a)’.

Long Type Questions

Q1. Expand
(@) (14x+2) (i) (1-x-+?)’
Q2. Expand
(0 (x-3)° +(x+3)° (i) (x-3)° ~(x+3)°

10
Q3. Find the Eaa_iw-ﬁ .
\ x

2
Q4. Find the general term and middle term of T:.Nu _

L a
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IRECURRENCE RELATION AND
GENERATING L"UNCTIONS

Introduction

A recurrence relation define a sequence by " value in term of Tf:; value with given
initial values about the beginning of the sequence.

In this chapter we will study about the recurrence relation, linear recurrence rélation with

constant coeffecients, solution of recurrence relations using generating functions etc.

Recurrence Relation :

An equation (or formula) for a numeric function which connect or established the relation-
ship between a,_ and its predecessor (a, ,ay,...a, ) for a given r. The initial conditions for the sequence
(4, @,...a, ) are given values for a finite number of terms of the sequence.

For eg. a, =4a, ;,ay =1 is the recurrence relation.

The recurrence relation is also known as difference equations,

Linear Recurrence Relation with constant coeffecients :
A recurrence relation in the form

n..n_..vnu.. +A....¢H...uﬁl._. +..:+ﬁ.f_—..nu.l¢ = ..__-_“HU

15
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. J
is known as linear recurrence relation with constant coeffecients where C;is constant. If C, g

C¢ both are non zero then recurrence relation is known as recurrence relation of order K.
Foreg. 3a,+5a, =2

is a linear recurrence relation of first order

Homogeneous Solution :
Let us consider @ is a numeric function then recurrence relation
n...,eh_w + .Mu._h\r__ +.. +ﬁ_mn_1|k =0
is known as homogeneous recurrence relation of order K. 2
The solution of homogencous recurrence relation of constant coeffecient is in form of
a, = Aa, . where o, is known as characteristic root and A is a constant.
So, we get
ﬁ.bn» + ﬁuu.nkl_ + ...+ﬁ..—. =0

is known as characteristic equation. These are following cases:

Case 1 : When the roots of characteristic equation is real but different, then complementary func-
tion (C.F)

A + Ayal +..+ Ayal
15 the solution of _uo.._.ﬁ_mﬁgﬂm equation.

nﬂnunaﬁﬂ_ﬁﬁam?a&%&mﬁaﬁﬁﬁﬂﬁmﬁﬁﬁ_mﬁmgﬁ_.
In this condition, the complementary function
(4 +h)of +(4; + Aa* o

S._Sn.ﬂ ..r"\#arm._.ﬁ N—w“...—.-"h.u

Case 3 : When two roots &?Eﬂﬂi&nﬂ_:ﬁgﬁngﬂﬁgﬂ_iiﬂ

Let’s consider complex roots are @+ifand a-if, then I
] —“

Recurrence Relation and Generating Functions

Eg 1.

29

Ala+ip) +B(a-if)

Case 4: When roots of the characteristic equation are complex and identical.
If «+ifis identical,

P (A + Agr)eosrf+ p (A + Agr)sinrg

B
p= QN+._EN EFE—Q_HM

If a,=a,,+a,_,, r=2 where a;=0and g =1, then find the solution.
a. ”njl._ +-n_.TN

then corresponding characteristic equation,

a?—a-1=0

Then its solution

where 4 and A, =constant
a; =0 and 4 =1 (given)

F=0 .n.".ﬁ+.hn

o _uahrhgﬁ;_uljﬁ
B Y E ) %

By solving equation (1) and (2),

(1)

7.

16
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Eg 2.

Sol.

r

|

a. =

(1+5Y 1 [1=45)
el S

‘"7

Solve the recurrence relation
a, =6a,_, |.~ la,_; +6a,_5
where g, =1, o, =2and a,=6
a, =6a,_ -1la,._, +6a,_,
Then corresponding characteristic equation is

a’-6a?+1la-6=0

* Solving the equation,

a=123

So solution is
a, Hh“ +ﬁ‘MMn +ﬁ.mww
ZG_:.. if g =] A..mm.n..ﬂuww

G+Cy =G =]

if -

G+2C,+3C =2

if —

G +4G 490, =6

Solving these equation (1), (2) and (3)

ﬁ_"w. -”...M ==]land C, =

Sosolutionis g, =1-2"+3

—_

A

(2)

.(3)

i 31
Recurrence Relation and Generating Functions

e

Eg 3. Solve the relation

a, +9a,5 +27a, 3 +27a, 3 =0
gol.  The corresponding characteristic on__._uanﬂ.s_:_ be
@’ +9a? +27a +27=0
= (e +.u,vu =0

a==3-3-3

So solution is &, = Aﬁ_wn +Cyr +ﬁ.L_“1mV1 n

Generating function :
Let us consider qy,a,a;...a, is the numeric function of real number, then the function

G(z)=ag+az+aye® +..a,a" +...

D
= M... a,z"

A=l
is known as generating function.
Generating function for some numeric functions.
General term of Generating function
numeric function Giz)
1
a, = 1 QHNV e o
-z
Z
...q* = mﬁhw_ = ﬂu.w
_z(z+1)
g, =t G(z) = (1—F

17
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32 Discrete Mathematicg Recurrence Relation and Generating Functions
— kil
o u.,.ﬁrnN ._.uuu...#.f_..__"_
RN VO Giz) = ——
a =rir=+l) (1-2)
a, = *C, Gy =(1+z)° A_|N”_u

Ez 4 Find the generating function for following sequence: Eg 5. Find the generating function for following numeric function:

(2) 0.1.-2,4-8._. (a) o, =2" +5" rz0
(b) La10._ .

(c) 1-23.-4.5-4...
(d) 012345, .

(b) c(9.r).rz0

wa._.. nﬂw ﬁmﬁhv" M—wﬂﬁ"q

Sel  (a) Gis)=0+2-2 545+
u.._.”_unu |_u..__uw uwﬁufuﬁuuw
r=0
hHlu.-i - =
nMwmu...vMu..u..
By rnf-.uh..._..._..._unu..._”,_.n.n_..np.r.: r=0 F=l
z | = ! +|_.|
=lezlagt, _ 1-2z 1-3z
3=l
={1+=°) L. 2-5z
1-5z +62%
__1
3 o
e b  G()=Y (9
1..-”‘
le) Giz) = |u..|.mnu|u.t..- _
=c(9.0)+c(9.1)z+¢(9,2)2% +...
- 1
1+7° | =¢(9.9)2°
@ Gr=0+:022030 40, =(1+2)"°

18
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Solution of Linear Recurrence Relation Using Generating Functions: - g

So A=l and B=1
The solution of linear recurrence relation usit

1g generating functions can be understang by i 1
Doy T T
Eg:  Solve the recurrence relation by the generating function method:
Bpay =3y, +1a, =0 HMM.,..___...M“_:_._NNV
n=0 n=

with initial conditions a, = 2 and @ =3

Sol. By the definition of gencrating function = MAT )z,
n=0
Gla.z)= Wa_}.a

r=0

So, required solution 1s 47 = 4+2"

Now multiply each term of recurrence relation by .» from p=0and w.

. g " uestions H
Ma,.unuluMn._u._.van:u:ua G
=l A=l

mall

| Very Short type Questions
= TN +a3z +a,2" +....,T..__a_ +ayz +a32° +u +n?e +az+a, +..:_n¢ 1. Define the generating functions.
2. Define the recurrence relation.
= (F - 2
(z)=q, taqz+anz +... 3. What is linear recurrence relation.

= .m_?Tn“. —az |uﬁn__u‘._ ~ag

T

Tn_m?uuc
z

Short Type Questions
Now a, =2and a =3

1. Solve the recurrence relation

G(z)-2-3z _[G(z)- a, +6a,_ +12a,_, +8a,_; =0
ui|~|u|.m-w_ .m_ MTHEQ b e o
. Solve the recurrence rela

S 4, =a,+2a,.,

1-3z427° ...T.uu._.._luu__ i — i

ﬂﬂ = n’ =

NGt L A B 3. Find the generating function for the following;

(1-2)(1-22) (1-2)" (1I-27)

(a)2,4,6,8..
i(z) - A0-22)+B(1-2) (b)2,4.8,16..
G(z) 02

(€)3,-3,3,-3...

19
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(d)2,0.2,0..
Long type Questions
19 Use generatieng function to solve the recurrence relation:
'a,-—?a,._lﬂl)a,\_z:ﬂ r>2
where a, =10 and q =41
2. Solve the recurrence relation
a, =6a,_; -1la,_, +6a, 5
3. Solve the following recurrence relation

() a, +5a, ; +6a, 5 =2r% -3r+1

ﬁi) a, +6ar—l +lZa,_: +3ﬂ'|._3 =0

20




