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11.1. Invroducrion

problems in which we require arrangem,,,.
lnalgabm,mfammﬂnj'ﬂ"h ; * ar
* selection of objects. To solve such problems casily concepts of Permutationg o,

11.2. Facrorial NoTation

=
The continued product of first # natural numbers is known as factorial and

it is denoted as |7 orn! .

ie. pl=1x2x3% ... x¢
For example 6l =6x53x4x3=x2x1=T20
Note : () 0!=1

(ii) 1!=1
(iii) Factorial of negative numbers is undefined.
(iv) n!=nx(@-1)!

11.7. Permutarion -

Pcmumnmmmmm.mwmhewfamgemcmspossibhtahng
some or all objects from given number of objects is known as Permutation,
Ifwehavennumberofdisﬁmo’ojmandwhawwarmngerﬁhjwtsouwf
mﬂnthmnumberufsuchpﬂmlrtaﬁnnswﬂlbe"f’r or P(n, r).
Value of P(n, r}i.sablnmedbyﬂmfollmvingformu]a:
nl
Fn, r) :E‘:"?)!-

PO =ntn-1)(n-2) .. (- r+1)

. ; . 6!
Example : Number of permutaitons of 4 objects taken out of 6 objects = &9

or

12

TON
ﬁ PERMUT-‘L'] S AND CO“B‘NATIONS

i = 271
3= 5 =0
Note : (1) l\ll.u'l‘l].‘pcro{'i;.er,:m_‘m )
HOnS of n differen taking them will
P, my< ™ _ - e
i D gt (- 01 =1)
(ii) mumber of permutations 1y

wnumbemfum“ﬂb:fr{'*jﬂswtofn provided any object can be
E!aﬂpk:Numberufmmof S .
MplayﬂmlakcmmmM dm{b“m-"a3ilnm

! I among 4 players provided
Prizes will be = 43 =

64,
‘ &%‘Em in which not all distinet

JECts in which p are of one kind, q are of second
ttmmgmﬁﬂhemmmmb&rufpemm
n
will be

' 11.5. Circular/Cyclic
| 112 |

PERMUTATIONS

| 1fn distinct objects are amanged around a circle then such permutations are

| known.as circular or cyclic permutations. n such permutations one object is kept

| WMW&WEW.

- Theorem : Number of cyclic permutations from  distinct objects is (2 ~ 1)!

Nﬂtﬂ(illnﬂlisﬂmmnclwkwiseandanﬁdomisepcrmmﬁmsmmm
' to be different.

| (i) If clockwise and anticlockwise permutations are not assumed to be different
| ﬁmmmrochﬁcpemnmﬁmswﬂlhe(n =42,

| Fur!ﬁmple:hamkiaoeofbwﬂsdnckwiseaﬂduﬁclmkwisepmutaﬁom
| are not assumed different.

IllusTrative Examples

' a ple 1 : Prove the following /;;/\_,L}:; '
O, ="Pi; @B =@-r+1) W, T —
Solution : (i) "P, = nl

| n! n!

o Pt = e < 1

| npn =nPr:—l

| (i) RHS. =-r+1."P,

{
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(n-r-!])”-'
= {"—{r—-”}-'
("_,-+i).n'!
m-rt 1).n! [ m) =n(n - ])!]

= (u—r+!}-("")'l
= (n-r)!
Err‘&s LHS
Example 2 : Find the value of 7
B .
@2 5P ="P, i) "Ps: Py
/9, Soution : 2. P ="Fs
23

=2:1

3 &
= 2"1-! = (-9
nin=1)n—2)(n -3)(n-4)!
= 5l = -4
o 54321 =n(n-1) (n-2) (n =3)
> 5(5-1). (-2(6-3) =l -1) (1 -2) (7 -3)
Comparing n=3
ﬂ& B 2
(ii) "p, 1
n! (=3 _ 2
= R T T
(n=3Yn-Hn=5! _ 2
= (n=3)!
= n-3) (-4 =21
= =) -49=0(G6-3.6-49
= n=3 (Comparing)
i words which can be formed

0Example 3 : Find the num
using the letters of the words MATHEMATICS.
Solution : There are 11 letters in the word MATHEMATICS. Out of
which M, A, T are repeated twice, therefore total number of words will be
11!
S E
ple 4 : In how may ways can 8 persons be arranged around a
table ? ) —
Solution :Required number of permutations
=@-yr

r,r&

13

»ERMUTATIONS AND C{}MHINM'IENS g 3
=7 2
=T=gx5 dik

4 x3xx
. Example 5: H . l
7 : How many di
_r-of PARROT if P apg id'"““'“ i
Solution : There are 6
repeated twice,

. Total number °fP¢ITnutaticm i

rds can be formed with the letters
do not come together,
letters in the word PARROT out of which R is

1

If P and A % s

Ravet lettcmmllf atzdmer then they can be assumed one letter and we will

& e A can be written as (PA) or (AP) hence total number

methods kecping them together
=2« il. =120
. 2
~. Now the required mmbe_rof“mdsinwhichP and A do not come together
=360-120=240
Example 6 : How many 6 digit numbers may be formed using the
digits 0, 1, 2, 3, 4, 5 if réﬁéiitioh is not allowed ? )
Solution : We have 6 digits 0, 1, 2, 3, 4, 5. Using these digits we may form
6! six digit numbers but these wil also include the numbers starting with 0.
Number of those numbers which start with 0 will be 5!
Hence excluding these numbers, required number of six digit numbers
Chc&, =61 - 51 =600
O Example 7 : In how many ways 10 different beads may be arranged

@ in a necklace so that 4 specific beads are always together ?
s

Solution : If 4 specific beads are always together, we can assume them as
one bead. Hence total number of beads will be
=(10-4)+1=7
Numbers of ways to arrange 7 beads in a necklace
_(a-nt 6
e
But those 4 beads can also be arranged in 4! ways hence required number

- 6!
of permutations = -~ 4l

11.6. Combinarion
Definition : Combination is defined a_s_number of seltzntmns %_s_m or all
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objects dering the order of sejaey: .
i not considening selegy
j out given qpumber of objects. it .
N“mj ber fseotﬁous of r objects out of @ object 15 denoted by C(n. r) or .
o 1
Value of C(n, r) is given by the following formu

Cin r]:ﬂ

nin == D=7 +2)
or C(" r] o 123... ,(r-l).r £6
i t Of
g jons of 4 objects ou
Example : Number of selections &
- —--6 1
= 69!
6!
=
i
_ 6x5x4! _ 15
2x1x4!
! n!
o — = =1 “e
Note : ] "Cp = (a—nm)in! ~ Oln! (0= 1)
n! n! 1 i
—— i — =
(i) "Co = @-000! _ 0ln!

11.7. Difference berween PERMUTATIONS and Combinatioys

—

of objects is -impmminpmmﬁﬁonswhﬂhﬁrinomnbimﬁnmm

amism‘:}mmmmm be considered as a single combinatioy
but these are two different permutations.

Generally in forming numbers with given digits, forming words With given letters

* we have to use Permutations while to select team members , to form a committee ,

wmmumofmkmobjmmmm;mdmdulmﬁmgimmm

11.8. Properries of "C.

1. \_// "C’--"C”_’ (05 i <[l]
- Proof : RHS "’(’,‘m_\r =
_ n! o
" tn=(=n}ltn-r) " ri(n-r)!
="C_=LHS.

14
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T
45 ) Y
" )ﬂ.’ "C'+"(h, = H*I(-’ 275
proof : LHS ="C, o
=8
"‘-fﬂ'-rj' ff:lj?n_—r_i-_h'
=N '
Yfr"l}‘_fn—r‘]'l * Fr‘—_lj'l;n -J"‘]-.l":"'7
nl I i
S m— |l
o1 |7 Gore |
~ n! n-rf]vr-,
(=rjler=1)! Lrln-r+1) |
(n+ D!
rr=0ln=r+1)n=-r)!
(n+1)!
= —
rliin—r+1)!
(n+1)!
T e SRR -t -
i+ 1) -}l ="C,
=RHS ~
3. "CI="C, = x=y or xty=nsn
f: ", =" g
im NC.‘( _ngy_n ‘..
L GR Cn—y y
- =y or x=n-y
- x=y o x+y=n

11.9. Restricred combinations

1. Number of combinations of  abjects out of n objects when p specific objects
are always included
="rC,,
2. Number of combinations of r objecs out of n objects when p specific objects
are never included
=mPC,

11.10. Division in groups

“1. Division in 2 groups : Number of ways to divide (p + g) objects n two
' - (prg)!
. P¥ea _prer = 1T

groups of p and qobjeats =" "C, =" T9C,=

%" Division in 3 Groups : Number of ways to divide (¢ + ¢ + r) objects in
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three groups of p. g and r objects =~ pigir!
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= R e \y Ilusrrarive Examples

find the value of “Czl

ple 1:1If "Cyg="Cg then
Solution : "Cy="Cg= n=15+8=23
;i Tl 23!

el gy, = B0y = i

N 23x22x21!
T 212!
=23x 11=253
o Elgmpk 2 : How many different words may be fonngd (ﬂun \.\
consonants and 2 vowels out of 5 consonants and 4 vowels 3 =
Solution : Number of ways to choose 3 consonants out of 5 = 503 -
Number of ways to choose 2 vowels out of 4= 4C2 =6
Number of ways to arrange these 5 letters’
\"-} =51=120
- =5=
Hence required number of words = 10 = 6 < 120/
y 6% 120
=7200
Example 3 : How many 4 digit numbers may be formed
< digits 1,2,3,4,56if4and 5 are always present in each
" Solution ; Total digits= 6
Nu.nnbc:rof“eg,rs[ochoosestdigimifdaad5a.rvzp.resvmineachnum|,er
=(6—2JC =dc =4
(4-2) 2
Number of ways to arrange these 4 digits
=41=24
. Total number of required nismbers
=6x24=144,

/a?gfﬁe 3 i broup of 7 members is to be formed from 6 boys and
uch that boys are in majority i
s - pociibiet majority in the group. In how many ways

Solution : Since boys are m
possible;

“Fre) )
- e

-

™,

sing' the
ber 7

majority in the group so ﬂ!efoﬁotﬁng cases are

yRMUTATIONS AND (Tmtnlxa‘rn;\r
Chl-]
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Case
6 bQ}"S, 1 Girl Num&r of combinations
il;z}'s. 2 Girlg r‘,(é"’ x :(_‘1 -
Number ofy:; e "’Cs # -IC\?‘ ﬂﬁ
g NEIUUPS=¢+3{,+M?_IQ;~1:5"

xample 5 : How many o
flags out of 6 fig 7 3ignals are possible taking one or more
2 5 gs of dlﬁerent col 2
Solution : First we haye 1, o ou
arrange them. e
so number of required signals
={lscl * |1]+(GC2><2!]+(6C
=6+30+ 120 + 360 + 7
~1956 iy
/ S many Sdigit even numbers can be formed
A [R.U. 2016]
Solution : If we suppose that g r— .
en total
number of even numbers of 5 mﬁm af dighs s 8ot allomed then 10
=(6XTx8x9x5)—(Ix6xTx8x4)
B
Starting with zero

rs ?
or more flags out of six and then to

;;')3!“("64 % 4l)+ (6Cg % 51) + (6C = 61)

. =137
Idf;;pmum of digits is allowed then total number of even numbers of 5
1]
=0x10=10=10=35
=45000
Example 7 :How many different words can be formed by the word
"-CQWBC_F{," when all vowels are not together.  [R.U. 2016]

/J.;rjf .
=" Solution : Total number of words =
=5040

If all vowels are together then total number of words

13l
iyl 340
212

2021 2!

21
1€ vowels are not together then total number of words = 5040 - 340 = 4500
how many different ways can a group of 4 members
Grmed from 4 doctors, 5 engineers and 3 teachers when at least
one person of each category is sduted. " [R.U. 2016)
Solution : Possiblities are

| Doctor | Engineer 2 Teachers
| Doctor 2,Engineers | Teacher
i

15
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2 Doctors | Engineer | Teache?

ac xS
_t_jc = .“Cr ® -3(:'2:' +( (v| C2 * JC]) o
. Total number of ways ik ‘l* 5¢, x icy
-60+120 +-90=z?gs :
@x;mple 9 1f Cny$) = ') f‘ﬁ";'?ld sl I Sy
Solution : -+ "Cs="Cis = "5 " _35¢, = 12650
Mow B, =7 Cn 4

@E"’P,=504t}thenﬁnd\alusoft . /
2. IF2C, : "Cy =11 : 1 then find valve of
5 L hmv3m§1 ways 5 boys and § g;iﬂsrﬁlna}-ﬂbc ﬂl‘ﬁf-‘sﬂd around a table go &at%

i x :{ =
. two girls sit together? ulAvL . -
" A7 How many three digit numbers may b¢ formed using the digits 12,345 ¢ .

iti igits is not allowed?
ﬁ:ﬁﬁﬁmmcrmwﬂcomm!m@mm%
ﬂ'bevouelsb_!éudEmalwaﬁtW )
@ Hou-manvdj'ﬂ‘emumnﬁmmaybefomndwhngs MMd3w°mEIIWt
of 12 men and 16 women? )
i Therea.renpnmminaplamou[cfw?ﬁd:ma:ecoﬂmw_Honany .
may be drawn with these points ? 1angles
8. Evaluate %°C,, +%Cyy + *1C;3 - *Crs 2
9 many different words may be formed with the letters of the words SALiOg
if both O's don't come together? i%
10. Find the number of diagonals in a n-sided polygon.
@thm&nymysanﬁboysand3giﬂssitm8chg,i:sjf3ﬂgiﬂ§sh

[R.U. 201
Answers 11.1
() r=4 @)n=6 (3) 5! x a1
(4):55 = (5) 720 (6) 1,23, 200
(7 C::_'“'s():g 8)0 (9) 240
n{n—
(10} = y com
4 #
i /;

16
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1 Probability

12.1_InTroducrion

Y

In our daily life many such
. It is natural that
ing the result o

s called Probability,

m{&ﬂ;ﬁwﬁmﬁ‘m first propounded in the 17 century in Euroi_n:.
. ‘made attempts to know the results of their respective
before ha“d in order to have maximum advantage. These people put this
problem before their contemporary Mathematicians like Galiles, Pascal ctc. These
mathematicians dl‘.\felopcd. certain mathematical methods to solve these problems
mdconsﬁiqumﬂyﬁus branch of Mathematics came to exit. Prominent mathematicians
ms and 19™ centuries Laplace, Gauss, Bemoulli, etc, developed this principle
In modern times theory of probability is applied in various fields where decisions
pertaining to future have to be taken. For example in preparing the budget of any
state or country, theory of probability is used. Insurance companies prepare death
tables and make inference as to how any person of particular age group is likely to
survive and defence experts frame their strategies with the help of this theory.
Many important policies in the fields of society, state administration, commerce and
science are determined broadly on the basis of probability. First of all, we will attempt
to define certain important terms used in the study of probability

incidents take place which have more than one
anincident ehﬂsawﬁ"ﬁif)’mh!wﬂw result. The science of
on the basis of proper information and circumstances

12.2 Some DefiniTions

1. Random Experiment : When all the possible results of an experiment are
already known and no inference of any particular result is possible, it is called a
random experiment.

For example, The two results of tossing of a coin either head or tail are already
known. No definite result can be forecast therefore, toss of a coin is a random



LN ] i S
e

Yt Ve P NG L e
|

e M’m{E"erus \ PROBABILITY

280 ' 281

7. Mutually exclusive or disjoint events : Two or more events are said to
be m@ﬂ disjoint if no two or more occur simultaneously in

fhe same trial ie. if the occurrence of any on¢ of them prevents the occurrence of
oIl others. For ezample:

experiment. ible results (outcomes) of g
. When out of many poss "‘"dwn
2. Trial and Event : :he:u t is called 2 trial and passﬁ:le ‘
experiment, one is certain, r.pr.ul

called events. For example |

. or tail (T) and ey i) Omtossing fa coin coourring of : i :
(i) Tossing of a coin istda]“”dgm“gma:uzgerl 2,3,4 S:d?; ® .0t a com occurring of head o fail are mutually exclusive cvents
}' y =3 ] L]

& Throwing a dice is trial and getting am (ii) A card is drawn from a pack of card, it being a king or a queen are mutually
(ii) g ce . tion of a candidate IS trial and to pass or il sxclusive events.
(iii) Appearing in the examinall it |

8. Equally likely events : [f in an experiment, possibility of happening of all
event. ; ; .
I matnal mlymﬁwmmpm“a“me,n ‘ mgsmefhmsu?hwm?smmumwyhkﬂyem. For example :
simule cvent for example : Dra amfmmabasoontmﬂsafew blmam (i) In tossing a coin, getting a head or tail are equally likely events.
wﬂmp balls, is a simple event. (ii) In drawing a card from a pack of cards it will be red or black card, are.
4. Exhaustive events or total number of cases : All possible results of trig equally likely events.

are called Ex} mwmurmmmhaofmsofthﬂtmﬂ Fﬂfﬂtamplg 9, Compound events : If two or more events happena.latlmedmtbeym
) Tossmgurmmsammmdmm‘mwr Somﬂusma]c;d% mlledcﬂoundmmorjmwt For example
events are 2. “In two bags, there are some blue and some red balls. Selection of a bag and then
1,23, 4, 5 or 6 can oceur so in this trial exhayg; drawing a ball from it is compound event because selactionofone_: bag from two
m:;}m'inﬁd“"“'”“f”"’ | bags and then a ball is drawn from selected bag is happening at a time.
i ial is called sample
5. Favourable events or cases : The number of cases favourable to a particyly, 10, Sample point and sample space : Each outcome of a tri
event in a trial is the number of outcomes which entail the happening of the particyy, | Point 21d set of all sample points of a trial is called its sample space. It is generally

cvent. For example : ot 5. — . 2 T, T)and
) In throwiizg a die, the number of cases favourable to getting an even unbe (i) The sample point in tossing of two coins are (H, H), (H, 1), (T, H), (T,
N 1: 2,4,6ie. 3%' §=[(H, H), (H,T), (T, H), (T, )] is sample space.
" . Mathematical definition of Probability : If a trial results in an equally likely,
On drawing two cards from a of card, the number of cases favorabi: ) ;
@) e '“;nlgngis"(lzie : o mmdhrﬁﬂulwmﬂcmusuw@ﬁofﬂmnmwcmmm
(iif) In throwing of two dice, Ihenumbﬁofcasesfavorablemgmmsaﬂmﬂf of an event A, then the probability of 4 is defined as the ratio z and is denoted by
5is(1,4),(4,1),(2,3),(3. ) 1e.4. P(A). L
Independent and dependent events : |
: | F rable cases of A
) Independent events : Two or more events are called independent evenl | Thus PlA)= ______e::fouha"w
if thé happening or not happening of any one does not depend on the happening @ | i
non happening of the other. For example, nnmssmgawmandthmwmg&dlﬂ" =— (numenml measure)
outdomes getting on coin and 4 on dice are independent events. ' lfmatnaj . happening
(“) Depmdmt event : Two or more events are called dﬂp&]l:dﬂ" evenls if Ofmtﬁmmm n and
Apemmofmwmdnesdmdonﬂnlmppemngscfihem me@;s . P{Al-—-l
card drawn from an ordinary pack of cards should be a heart card, happening of
without replacing it in pack, Wnamcardshnuldbeaspadcmhﬁh‘" Wet‘ltAlslmpﬁmbleﬂmnm 0 and
dependent events. P(4) = ) =0,
n

17
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- <1 (v) PUAB) or P(ArB) T, .
Ti‘hcmforc. for any event 4, 0 < P(4) < G ' WM’I“VMhammSMcvmﬁuﬂBata
1-¢., probability of any cvent can not be less then ing of Ai g Ii"’lﬁ
of probability is from 0 to 1. Probability of non happening of cvent A is denoteg , | o ( ]
P(7). i ™) 15 ) = The conditiona) Probability of event A when the event B has
_  unfavourable cases of event 4 already happened
So PA)= i f event A =5 -
exhaustive cases o . =
(A) P (4B) or P(4.2B) = The probasiy of non-happening of the cvent A
—_— . and B,
- ==
n L (vii) P(AB + AB) =Th£pmbabﬂjqcfhapm=mcﬂwarmnmor3f8m
= H2}=|-PM) notAmianth)
—— i and favourable
Odds : If in a trial there are n exhaustive events SVEIIS of A gy Wustaative Examples

mthmmfavauablecmofﬁwuddbe{n—m}.mﬂdﬂiﬂﬁmofﬁlamm;n_,m |
and odd against of A are (n — m) : m. j Mmk 1.: Find the probability of throwing an even number with a
Solution : In throw of a dic, 6 types of numbers can oceur. Hence the number

m
P : .
The odd in favor of event 4 =~ = = T2 of exhaustive events = 6, even number 2, 4, 6 will occur for the required event,
g = which is in number 3. So number f favorablc evens = 3.
_ 7) -
n-n il ) Rmudpmbduyn-ﬁ—:_

Theorem : In random trial, for any event A, prove that . _ )
7 Solution : On throwing two dice 6 6 = 36 output can be obtained. So exhaustive

il cases for required event = 36,
The following pairs are possible for a total of 7 : (1, 6), (2, 5), (3, 4), (4, 3) (5, 2),

The odd against of event A = = = = o7
min ‘ Wlﬂ a single throw of two dice, determine probability of
| getting a Total of 7)
!
Proof:Ifinauialﬂmmuencthwﬁveevmandfmroumhlewmtsofﬂm [
(6, 1) which number is 6.

m then unfavourable events of a would be 7 — m
Theprobabilitytﬁalevmﬂwilinothappm So favourable number of events = 6

- h-m m - 6 1 &

AA4)= =l-—=1-Py) . Required probability = 32 = = ¥

n " w
Al 2 A
Notation : »A 3 : Find the probability that a leap year, selected at random
() P(A) = The probability of happening an event A, will contain 53 Mondays.
;:ln&m.mmm&miualmpwm::;“?ﬂﬁ;m
; ining, The seven possibilities o
weeks and 2 days are remaining.

(i) P(A) = The probability of not happening an event A

(iii) P(A + B) or P(AUB) = The probability of happening at least one from A or follows -
B (if A and B are not mutually exclusive then probability of happening A or (1) Sunday and Monday

B or both)

18
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(2) Monday and Tuesda}

(3) Tuesday and Wednesday
(4) Wednesday and Thursday
(5) Thursday and Friday

(6) Friday and Saturday

(7) Saturday and Sunday

S0 exhaustive cases for required event = 3

Out of seven possible cases in Two Cases Monday occurs. So favorable Caseg

for required event = 2

Required probability = %
xample 4 : From 12 tickets marked 1 to 12, i_f one ticket is selecteq
om, find the probability that the number on it is a multiple of 2 or3,
Solution : The multiples of 2 or 3. in number 1 to 12are 2,3, 4,6, 8,9, 10,15
So out of 12 equally likely cases 8 are fayourable.

Required probabdlt\ =

"@;Emples:!"mmapatkﬂc

s two cards are drawn at randon,

Prove that the probability that both are jack is ﬁf
Solution : The exhaustive cases in ich 2 cards can be drawn from a pack of
52 cards = 52C,. The favourable cases in which 2 Jacks can be selected out of 4
m=4{:2
T
Required probability = e .
52(:2 52x51
2x1
(43 )

2x1 " S2x51 - 231

—

5 Iﬂ%ﬂ; are tossed er then fin P

that () only owo tails occar and (1) at et o i e ¢ PO
Solution : The number of exhaustive cases on tossing 3 coing = 23 = 8

HEH, HAT, HTH, THEH, HIT, THT, 13 77
] 1 i

0 Example 6 :

£

19
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M Favourable cascs that only 2 tails eccyr = 3
k]

Required probability -

(i Favougable cascs that at Jeag two tails occur = 4

Required probability = % Al
2
t ':n::uT :ttbaﬂ contains 3 white and 5 black balls. If two balls are
drawn 8 .rf m, then find the 0dd in favor of both balls being black.
Solution : Total number of balls in bag = 3 + 5 = 3 [R.U. 2015]
The exhaustive case of 2 balls drawn out of 5 black balls = 53C,=10
Unfavourable cases=28 - 10 = |8
So odd in favor of cvent = favourable cases - Unfavorable cases
; =10:18=5:9
| ﬂ@“‘p]e 8 : Four persons are chosen at random from a group of 4
| men, 3 women and 5 children. Find the probability that in selected persons
 exsetly two will be children.
Solution : Total persons =4 +3 +5 = 12
The exhaustive cases of 4 person chosen out of 12 person = 2C,

Ifinenchmseexmi}twoarechildmn,such selections can be made in °C,
ways with two children, the rest two can be chosen from 7 persons (4 men + 3
women) whose way of sclections is TCE. e

Hence favourable cases for required selection = >C, x 7C, 2 W

5 7 S| )
; s CZX CZ i : i, | 1
Required probability = 12~ 2 3 A
. “ o e
e
Sx4xTx6 0
BulxIxl  surke M

= 12x11x10x9 =

EE TR T T 11%5%0 33
dx3n2xl

Exercises 12.1

1, '{D’(’IIOW Wﬁnc the probability of getting a oum
four.

2. A coin is/fossed twice Mind the probability of getting tails both times.

3. Onenu is selected at random from natural numbers from 1 to 17. Find the
y _/"‘b“

ber more then

——e
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probabiliy that the aumber is piTc:

4. Find the probability of throwing head
of a coin. gy

j/ln a single throw oﬁ“.z dice. ﬁndamc E;Jgabnlm
appear. we udd & 5 :

i hould have only 52 Sundays.
6. Find the probabily that a nomleap YT shR B 0 R
:\{1 kca.rdisdra\mfmmapad“"o{szm' Plnd ? thatca‘d
an ace. .
@ ﬁflass of 12 studeats, 5 are boys and rest are girls. Fmdm@"gf_i'?ﬁ"‘ﬂ
student being a gitl. .

9. A party of n persons sit on a round table, find the odds against two SPecifieg
individuals sitting next to each other.

10. Three letters to each of which corresponds an envelcope are placed ip gy,
envelopes at random. What is the probability that all letters, are 1ot placed in ¢
right envelope.

11, Find the probability that an integer chosen at random from the first 200 positiy,
integers is divisible by 6 or 8.

/12. In a single throw of three dice, determine the probability of getting a tota] o¢
more than 15.

3. The letters of word ‘ANGLE’ are placed at random in a row. Fiﬂdth‘ﬂpmbﬂbuit},

that vowels come together.
U )14. A card is drawn from a deck of 52 cards. Find the probability of getting an ace,
\-/ or a king or a queen.
i}/ﬂbag@nséwtjte,deandSbladcbaﬂs.Outofﬂmnthlwbaﬂsm
drawn m one by oné without replacement. Find the probability of getting
- LA

or fail alternatively in 3 successiye tossiy,

ta doublet or a total of g
— = Wil

Answers 12.1
.= gi= x L
#3 4 3. 17 7 4)2
5 6
] = = ’
{B"f 63 7.1:12 85:7
A n=3 o 1{ ;
T - = 1. = :
12.10
2 3
13. = ol 5 -~
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Addition theorem of probability of thegres of toea probability [R.U. 2016]

WhEN EVENTS ARE mutually exclysiye

‘ e
| PA+B)=Pu) + pp)
ar PA U B)= P(a) + p(B)

Proof : Let exhaustive cases ar+ events b¢ n and I"a’vﬂ.lhrab!e cases of events 4
and B are m, and m, respectively

P(4)=

:3|.§ x| 3

P(B) =

) Since ﬁle events A and B are mutually exclusive, therefore the favourable cases
WI]]ﬂubﬁdlﬁmntandfavoumbleamman}-omofrhecvem.&andBheml +
Tt
22 = pia) + P(B)

n

m,
n

P(4 + B)= P(4) + P(B)
Generatisation : The probability that one of n mutually exclusive events shall
happen is the sum of the probabilities of the separate events, ie.....
Pl + A+ A+ .+ 4) =P(4,) +P(4,) + P(45) +
when events are not mutually exclusive.
Theorem 2 : If A and B are two mutually inclusive events then the probability
of happening any one of them is as follows :
P(A + B)= P(4) + P(B) - P(AB)
or P(4 v By=P(4) + P(B)- P(A n B)
Proof : Let exhaustive cases of events be n and favourable cases of events A
and B be m, and m; respectively.

_______ +P(A,)

PA)= "L PB)= "2

n
Since A and B are any event so it is possible that they are not mutually exclusive.
So there may be some common events. Let m; be the common favourable events in

Aand B.
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P(AB)= "
Favourable cases of events (4 + B) is my * 12 = 3
mymp =My M My g
P e e
or P(4 + B)= P(d) + P(B) - PUB)
or P(A uB)sP{A)"'P(B)"P(A ™ B)

Corollary : If the events are mutually exclusive then

then A B=g¢and P(ANB) =0
. P(AUB)=P(4) + P(B)
or P(4 + B)=P(4) + P(B)

Mulriplicatvion theorem of probability or Theoney o
compound probabiliry IR.U. 2079 ]
— 718
Probability of simultancous occurrence of two events A and B is equal o0 the
probability of A multiplied by the conditional probability of B on the assumptigy

A has happened or probability of B multiplied by the conditional probability uf:]:
the assumption that B has happened.

P(4B)= P(4). P(B4)

P(AnB)= P(4). P(B|4)
P(AB)= P(B).P(A|B)

or

or P(AnB)= P(B) PU)
Proof : Let n be that ber of mutually exclusive and equally likely
_ ; cases
out of which m cases are governable to the event A. Let ny be favourable cases to
both the events A and B. Then ms is included in m cases favourable to A.
P{EB) e El_ = El_ % ﬂ
noom n
But P(d)= 2
n
Similarly we can prove that
P(4B)= P(B). P(4|B)
or

PAB)= P(41B).P(B)

21

|
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.I’{AB)___ P(B)-P‘H!B]
Indcpcndcﬂt ':‘I"entS‘ thﬁn
P(BA)= p(p)

P(4B)=
Generalisation ; ¢ 4, 4, ] ).

2oy are i
-An) = PUAD. PUAy), pigy) T pon

L_.ohbiliry OF At leasy one EVENT
If probability of indep,

pendent events then Pl4,. 4,.

i endent events are P,, p. P i
then find the probability of a¢ least one of the eve::ts i{if,ha;pﬁpECtlvEIY'

Let 4y, 454, be independent events whose probabilities are P,

; PP
respectively then P(4,)= Py, P(d,) = 3 2 '

...... PA,)=P, and P(4) =1-P,,
P(4) =1-Py.... PE,) =1 -P, '

o T T ey AlC Independent events so 4, 4y ...... A, are also
mdepe!ldelll events,

”[Ee(e_fum El'obability of none of the events will happen (by multiplication theorem)
= P4y 4)

= P(4)P(4).....P(4,)
={1-P)(l- P,)...(1-P)
Hence the probability that at test one event will happen is
= | —probability of none of the event will happen
=1~ P(4)P(&).....P(4,)
=1-{(1-P)) (1 - Py)....(1-P,)]

IlusTrative examples

o

% Example 1 : In a single throw of two dice, determine the probability of
getting a total of 7 or 11.
Solution : The number of exhaustive cases on throwing 2 dice
=6x6=36
Favourable cases for a total of 7
=(6,1), (5,2), (4,3), 3,4, (2,5)(1,6)=6
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LB
AN= 35
Favorable cases for a total of 11
(6,5)(5,6)=2
L2
P(i1)= 3¢

. Total probability because events are mutually exclusive,
6 2
& PO+1)=PM+PAD= 36 + 3¢
%mpuzmmgmmmzngmawumd%gdm
alls are drawn at random. Find the probability that all three balls are of
same colour: . .o - ;
Solution : In the bag total number of balls 2 +4 + 5 =11

total ways of drawing 3 balls = ''C;
All three balls of same colour can be red or black :

*3%

5
G 10
Probability of all three balls being red = Tie, = 165
‘e - 4
Probability or allthree balls being black = 77, = g5
3

-+ These two events are mutually exclusive.
4 14

G e 10
.Hmcemqwmdprobab:ht_v— !65+ _i— 165
(@ Example 3 : A card is drawn at random from a will shuffied deck of 52

cards. Find the probability of its being an are or a heart card.

Snluﬁnu:LetﬂmeventﬂmdmwnmrdbemaﬂebedenmedbyAaMewm
&la:lwdbea_lmnisduMbyB.HmAandBawmthyexdusiw
mube;_ausefurdmamisanaceofhﬁnﬂmbuthwemshappmnadm
so by addition theorem of probability.

P(A + B)= P(4) + P(B) - P(4B)

The exhaustive cases for event 4 = 2C, = 52 and number of aces i is

4, for which favourable cases = 4C, = 4 I e i

22

Pnogﬂlﬂﬂ

4
= — o L
P(A) % i

The exhaustive cases for event B = “Cl =5
favourable cases for event

i p&fmm 4 : A, B, C are participating in different com

2 2 2
| ,,obabﬂ“!' of getting success of A is 3 Bis

probability that (i) all three get success (ii)

2 - 2
Solution : Here P(A) = ‘gsoP(A] =]- 3

P(B)= % So P(B) =1-

r 8 B
PC)=3 o PCO)=1~

e WY i

8

5

L

13
FEy= 5
Favoura’o]ccasesufhappmingwmthmBmge&m=\
1
P(AB)= — (When ace is of heart
P(A + B)= P(4) + P(B) — P(4.B)
4 13 1 16 4
et o A

1
8 B

al
8 3

¥y
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B= i3“J:I =13 (In a pack, heart cards are 13)

8

at least one gets success.

petitions. The

-1- and C is s . Find the

o

(i)Evmtsofgmhg,mmmd:pendmnsapmbahmtyofaﬂﬂnwsm

success by rule of compound probability

e

oo | =
oo | W

(i) Probability that at least one gets success

L1
T3

=1-PP(ABC)

=1 - P(A).P(B).P(C)

v

oA A

o i
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373
=l=53e
6
=1-3
257
~ 320

truth in 80% of the cases. What is the probability that they are |

contradict esch other in stating the same fact ?

W O Example 5 : Mohan speaks truth in 60% of the cases, Sohap

PA_GO
“)= 100

| e

'_1 E E
Pld) = mEr T

0 Mohan speaks truth and Sohan tells a lie = 45
(&) Mohan tells a lie and Sohan speaks truth = Jg

Since A B and gAmiﬂd&]ﬂnﬁaﬂm_

P(4B) = P(4) P(B) =

| ba
| 4=

x

P(AB) = P(4). P(B) =
Again 4 and Zp are mutually exclusive events

x

Uh | sy
W=

P(AB+ AB) = P{EJHBM(A)P(E'J
8.3 mu

Basic M"\THEP-M-l |

|

Solution : Lot A and B denote the event of truth speaking of Mohan anq gy, Iﬂwmpliaaﬁomdwmqnc'fpmbahﬂily

23
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s be event B, Then it is g'.w:"n Pass in Mathematics be .
)
_40 o A
ST R TR
3
and PlARy= .ll =2 raws of 2
— 100 29 se5 2 red

Now we have to find P(BIA) because i
: nd if seler
mathematics then probability of these students, a.:;: t--t

oIF

P(AB)= P(a). p:

i 2
o« 20 = 5 P(BIA)

. Required probabilty P(BIA) = - =3

‘ O Example 7 : A and B throw alternatively with a pair of dice. A wins if
he throws 6 before B throws 7 and B wins if he throws 7 before A throws 6.

If A begins, prove that the probability of A’s winning is %.
Solution : Let a total of 6 oceurring on two dice be event E,.
The exhaustive case for event £, = 62 = 36
‘ and favourable cases are (1, 5), 2,4), (3, 3), (4,2) and (5, 1)i.¢, total favourable
cases are 6.

5 " 53l
PE)=3g 0 PB) =1- 3. =5

Again let a total of 7 oceurring on two dice be event E,.

The exhaustive cases for event E, = 36

and favourable cases = (6, 1), (3,2), (4, 3), (3, 4), (2, 5) and (1, 6).
i.¢. total favourable cases are 6.

_6_!'5 T =1 L_i
g = PR

If A begins the game then chance of his winning: K,

5
(i) Probability of winning in first attempt PE)= 3%
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pt, 7 does not oceur in B® s first atte tang,

+es not oceur in first atter robability of Ej.E, k;

wunmghA‘ssewndammptaﬂdp
PEE.B)= P ).P(Ey) P(E)
5.3 5
“3% 6 36
,gl; o 'm!aﬂ)‘prohﬂbﬂiwmbccalc;ﬂatedﬂ)rfurthermmsl
Eﬂ ,' TP
i :':Pf“bnbilit}-'ofﬁsmnmng
/;mm" 5 3 §:.3 31 35 j—l-xéx
i I
36 36

5

2 T =t
gx3.5+36x6 36 6 36

5

30

i 31_5 6l

A2
366
) os .

'@ Example 8 : A book i threg eritics. Odds in favour of the
%;kms:gmsmsmmmdyﬁrtﬁmmﬁc& Find the probabiligy
that the miajority are in favour of the book. [R.U. 2015
Solution : Let £, £, and & denote the events that the book will be revieweg

favourably by the first, the'second and the third critic respectively. We are given that

(by sum formula of infinite G.P.)

5 4 3
PEY= 7, PE)= 7 PE3)= 7

R =. 4
PE) =3, PE)=7, Rig)=g
The cases that book will be favourably reviewed by the majority of the reviewers

Basic ?vln'rr{ﬁmncs .

|
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Above events are mutually exclugiye, Hence required probability
PEEED + PEEE) + PEEE) + p5EE,)
= ﬂ + —2:‘— + -‘E + ﬂ = @
343 3434 343 343 343 .

o Eﬂmgl: f9 : A bag contains 6 red and 4 white balls. Two draws of 2
| glls are made from bag. Find the probability that the first draw gives 2 red

! . WL!PJH(? .U.

palls and the second draw 2 white balls,

(i) If the balls are replaced in the bag after the first draw.
(ii) If the balls are not replaced.

Solution : (i) When balls are replaced in the bag :

Total balls in the bag =6+ 4 = 10

. Ways of drawing 2 balls from the bag = 1°C,

Total ways of drawing 2 balls from 6 red balls in first draw = °C,

. Probability of getting 2 red balls in first draw = 0c,

Ways of drawing 2 balls from 4 white balls =“C,

4
G
= Probability of getting 2 white balls in second draw = e,

Above events are independent, hence

2

] 4(:-2 x _2_

, S
Required probability = TC;X 10 3 45

(ii) When balls are not replaced in bag in second draw balls left in the bag is

1
= X
3

is as follows :
LEEE 2 EBE 3 BEE 4 BEE
whose respective probability will be
5.4 3. &
PE L) =PE) PUE) PlEy) = 3% 7 %5 = 32
P 2t 2 4 3. 7
L) = M) PE,) P(E;) = FiF*y 733
i G 5 3.3 ! 4]
P(EEs) =PE) P(Ey) P(E;) = ?x?(; . 54-3-4-
e Lt |
\ PBEE) = P PE) P(E,) = gx;x; =-\:-§—°§ '

24

two events will occur.

=10-2=%§
ic,
Probability of getting 2 white balls in second draw = EC_Z
%G g 103 1
requuedpmbabﬂlly-_- ||]C:x 3(:2 :§ 3 ]_'4_ E

EE\
O Ex

: 10 : The odds against an event ar@-d the odds in
lfavour of another event are 4 : 3. Find the probability that exactly are of the

[R.U. 2016]

-

9
Solution : Probability of first event P(A) = 14



£C

4
Probability of second event P(B)= 7

Probabll.!l) that cxacll:,r one of the two f'r\"l.‘.jﬁ \‘\"HLDC-CU .

= p(A)P(B) + P(A)P(B) i
9 3 ii

-3 §+14 ) |
27 20 |

= —+t=
Z.x |
47 5

=== |

9 . 93 - |
CLG __- O Example 11 : A can solve 4 problems out of 6, B can solve 5 probjeq,,

out of 6 and C can solve 2 problems out of-5. If they all try to solve , [
problem, then find the probability that at }enst;of them solve this probley, ‘

[R.U. 201¢)
4 5 2
Solution : P(A) = Pt P(B]=E,P{Cj=-5“ [
Probability that at least 2 of them solve the problem
= P(ABC)+P(ACB)+P(ABC)+P(ABC) |
453 4_2_[

2
T
0

T665
60 8 20 40

=

180 180 180 180

B 2
@ 180 45
=~ Example 12 : A bag mmé .MWL;ME_bm
"0 at random, find the probablity in following cases * [R.U. 2016]
(i) Al are red — '
(ii) All are pink - -
(iii) No one is yellow - -
)One ball of each color ' |
v) At least one yellow ball.~ -
(vi) The b#:ﬁ!"m nb:mbz ?;e in the order yellow, red and pink. |
Total ways of drawing 3 balls at random = Hg,

5°665 |

25

LT AN AN YT

BaSIC MATHEMAT PROBABILITY

4
1 Probability thatall balls are reg = 752
C

3
- 4x3x2 _2
13%12%11 143

’cy
2. Probability that all are pink

= 13(-:3
CIx321 1
13.12.11 286

3. No ball is yellow =2 Red 1 pink or 1 Red 2 pink or 3 pink or 3 Red balls.
4 3 4 3 4
I T O P ST o
Probability = -13C3
(1841244 +1)x3x2x]

 D3x1zxll
35%3x2x1
13x12x11.. ~
; - 4
286
Alternate method : 3 balls out of 7 non vellow balls
.

S

oA W)
Pl'dﬂbl]lly = 13c3 286

- Yo e
4. One ball of each colour = “CS
_ 4x6x3x3x2x]
T Bxizxal
36
T 143
= 1 - P(No yellow ball)
35 251
T 286 286
6. The balls are drawn one by one in order yellow, red and pink
5.3l
13 12 1
6

143

-

1

b' i

5. At least one yellow ball
=<

T
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ExeRCisSES 12.2 E

ilitv of
I. A coin is tossed four times Find the probabilify

2 M?:ﬁﬁmaaBWn.Thﬁﬁﬁwlﬂﬂmun%
'“ﬂlbcahﬁdmmnmdmlamnu:nhmondﬁs tiaiis |

3 AMMHnaHﬁmmmbirdigkﬂlnd?mw thr

A shcls“r'hatisﬂlcpmba-bilil}'lhatdle B i |

4 Tuufamurdjcmmln\oawmwmdmmr? "
.muimisﬂtpmbﬂﬂ}'mﬂbdhﬁnﬁﬁ;3 g o

% l“m'ﬂ“m“‘?i:;mamm s
ke g i problunamdtol,oddsmﬁwﬁa

§. I8 axkamies A 0706 ' the chance that (i) the .

i lem are 7 to 5. What 15 ¢ the problem

ﬁgl?ﬁhmﬁmﬁiﬂmbemhﬁd(m)ﬁ:epmbbmmﬂbewmy
o ins of Rs 2. Another ;

7. A mamdnﬁﬂ?mpf ; PUTSE Containg
mmfnshnd?moras.z.amnfmatmmamh
dmnﬁomir.“’hatisﬁ:pnﬂad:ﬂit}’ﬂm;tlsamufﬂsj? )

. deYbssamhahamdyﬁHomlofm‘awmmhm.
If X starts the game find the probabilities winning. .

@: Abﬂgmmmlgﬂand&bﬁgbaﬂsﬁgg_ﬁmmmﬁmmmww

wthanmpm'ﬁndﬂnpmbabﬂnyﬂn!bo&balhmcfdﬁnmmlm, '

10. A piece of equipment will function only when all the three component A, B and

—

C are working The probability of A failing during one year is 0.15, that of B is 3

0.05 and that of € is 0.10, What is the probability that the equipment will cai] "

before the end of the year ? | e PINNE
11. In a pack of cards two cards are drawn at random two times. If drawn cards of 4 %_) = =

pd. first time are not replaced in the pack, then find the probability that two aces

oceur in first draw and two kings occur in second draw. < PRt
12. A and B are two events i which P(4) = 3, P(B) = % and P(4.B) = T]i find
P(B/A). ) : =
Answers 12.2
3 1 19 1
l. = - e
16 = ] g
B 165 43 s :
5 2% T 1> s 21
3
W & 10027325 11—
5 & 12 \;- i

coa 1

26



