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—J Matrices

3.1 IntroducTion

In modern Mathematics matrix theory is used in various branches of pure and
applied Mathematics. The theory of matrices has a special relationship with system
of linear equations which occurs in many engineering processes.

Marrix-Definition

A set of mn numbers (real or complex) arranged in a rectangular array of m
horizontal lines (rows) and n-vertical lines (columns) is known as Matrix of orer m
x n . These numbers are called elements, being enclosed in brackets [ | or | |. in
a compact form the matrix is represented by A = [a;; ], ,, where i=1.2.3 .=m
andj=1,2,3,...n

An m % n matrix is usually written as

ay @y - Ay |
asy Gy .. gy,
a; 4dp ... Oy
A =[ﬂ'y] = = - = H
_aml Am2 anm_m,m
Example :
3 2 4
R 245 9
31 6

thena;; =3, ap=2,a13=4,0ay =2,05,= 3,03 =9,a3] =3,a;3,=l,a33= 6,

3.2 Types of Rlarrices

1. Row Matrix : A matrix having only one row is called row matrix.
Example : A=[2 1 3,3
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2. Column Matrix : A matrix having only one column is called column matrix_

2
Example : A= ﬁ@k
3

3. Square matrix : Anm x n matrix for which m = n is called a square matrix
of order n i.e. equal number of rows and columns.

!

ﬁm: Eiananbﬂcagiiﬁau_nﬁaﬂ&umgﬂn_ﬁﬁa
are zero is called a diagonal matrix. AR e e (et

- - B S
S h W
=1 O

Example : A n—

1 0 0
0 0 7 a; =0 fori#j

M. Null Matrix : If every element of a matrix is zero then it is called null
ie ay= 0, Vi j

E 00
xample : ._puco

- Secalar Matrix : A square matrix in which all

diagonal elements are equal
all other elements are zero is called scalar matrix. [R.U. 2016}
200
Example : A= ¢t
f\ 0.0 2},
7. Eﬂnegniunbﬂﬁasﬁﬁiasinrﬁgg al element i
Egiﬁiﬁagﬂmgmmﬂ_iggﬂzﬂﬁaﬁﬂﬂﬁ_
_ &c when i .
ie A=
1 wheni=;
1 0 0
e A=]0 10
0 0 1 »

Identity matrix of order » xzwnﬂﬁ&gh
-
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8. a_u_i.._m. .—.1.u=w=_w.. Matrix : A square matrix in which all the clements
below HW.W_MWE.._..W digonal are zero is called an upper triangular matrix.

- e

a; =0fori>j

1 2 6
Example : A= 0.4 4
007 bsa

9. Lower triangular Matrix : A square matrix in which all the elements
above the leading diagonal are zero is called a lower triangular matrix i.e. a;= ov
i<j

200
Example : A=|4 3 0
8 56 a3,

10. Idempotent Matrix : A square matrix A, such that A2 = A is called an
idempotent matrix.

11. Involutory Matrix : A square matrix A such that A2 = I is called an
involutory matrix.

3.3 Operarions of Klarrices

In this section, we will study various kinds of operations performed on matrices
such as addition, subtraction, multiplication etc.

(I) Addition of Matrices : If A, B be two matrices, each of order m x n then
their sum A + B is a matrix of order m * n and is obtained by adding the corresponding
elements of A and B.

Thus, If A = [a5lmxn and B [b;],xp

then C=A+B=[a;+bl,xn

fori=1,2,..mandj=1,2...n

= _.ﬂ._.m.._aq!_:

1 2 3 6 5 4
_vg—_anu_w._ﬁu 4 5 m.mu 3 2 M.ﬁﬁ:

146 245 3+4] [71 7 7
C=A+B =|4.3 542 6+2|™|7 7 8

The sum of two matrices is defined only when they are of the same order.
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mnna!n"_;uT L:.mu 4 5 6y
4

Then C = A + B is not defined, because A and B are not of the same order

Properties of matrix addition
(1) Matrix-addition is commutative
A+B=B+A
(i) Matrix addition is associative :
ie. if A, B, C are three matrices of the same order,
then (A+B)+C=A+(B+C)

(IT) Subtraction of Matrices : If A and B are two matrices of same order
then (A - B) is obtained by subtracting cach element of B from the corresponding
clements of A,

i.e. For two matrices A and B of the same order, we define A - B = A + (-~ B)

321 -3 5 =2
Example : IfA = I A and B = T

B 3 21 3 -5 2 6 -3 3
semateRly w Wt 49" B
(IIT) Matrix Multiplication : If A and B are two matrices then it is multiplible
only when number of columns in A is equal to the number of rows in B.

Thus, _.m,_} = —h.t _!_x_: N—ﬂ— B= —._WE_ _._hxﬁm.._.n two matrices of order m * n and
n % p respectively. then their product AB is of order m x pand is defined as

n
A x B=(AB);= Mﬂ:_bu =byj+apby i+ +a b

..wu..
b
=lan agap] x| : | = (i row of ) (™ column of B)

MATRICES 55

1 3
Example 1+ Find the product of A=| ' ¢ 2| anaB=
4 3 1),

LU

6
0
1

3%2

21 3 5 6 52421435 62+1.0+3.1
Solution: AB= |1 0 2 2 0] =|51+02+25 16+00+2.1
4 3 1 5 1] 45432+15 46+30+1.1 2
27 ‘15]
=|15 8 =C
31 25
a h g E
Example 2 : IfA= |h & f and B= V¥
a ¢ d a3 | 2 k.
Then find A = B, if possible.
a h g X
Solution : GivenA=|# & /| andB=|¥y
a ¢ d i Z b

then A = B is possible since number of columns of A = number of rows of B.

a h g x ax+hy+ gz
Now AxB=|h & [|x|y|=|m+by+fe
a ¢ d z ax+cy+dz |,

3.3.1 Non-commurarivity of mulriplication of marrices

Let A and B be two matrices such ath AB exists then it is quite possible that BA

may not exist.
For example, if Aisa3 x 3 matrix and B is a 3 1 matrix then AB exist but BA
does not exist Similarly, if BA exists, then AB may not exist. Further, if AB and BA

both exist, then they may not be equal.

26



BAsIC MATHEMATICg

Hence in general, AB # BA . B
1 -2 3] o |-1 2| find AB and BAang
xample 3 : IfA= |53 7 ] and & ok -
e . ists and it is of orde
In-n}__mmmxmnﬁﬂ.muu:mwwwmwxuﬂmﬁnqmcbwﬂcﬂm J
2x2.
2 -3
1 =2 3|l 2
Now AxB= AB= 33 <]y s

2+2+12 3-4-15 ﬁa -JN
=|6-2-4 9+4+45]| [0 18 Lo
Znﬁ.wmmnwxmnsiumunfmumxmqﬁﬁfmpmbniwaﬁn_:mcmoaﬁ

3=3.
2 3

- 1 -2 3
Now BA = 3 2 -
| 4 =5
[2+9 —4+6 6-3 11 2 3
=|-14+6 2+4 -3-2|_[|'5 & -5
|4-15 -8-10 12+5 =11 -18 17
Hence, AB # BA

3.3.2 Existance of non-zemo marmices whose producr is The
ZERO MATRIX (RESTRICT TO SQUARE MATRiCES om order)

If A and B are non-zero matrices but AB = ()

B 0 2 1 0 00
Example : A= 0 o|andB= 0 Eﬁ:}hﬂ? an

while neither Anor B is the null matrix

SRS | N .

MATRICES m N

i.e., in the case of matrix multiplication of AB = 0
then it does not necessarily imply that BA = 0

3.3.7 Rulriplicarion of A Marrix by a Scalan

The .—E.Eu__.nmna_._ of a matrix A by a scalar k is the matrix of same order as A
and obtained by the multiplication of every element of matrix with k.

If matrix A =[a;],, «,, and k is any scalar
.H..—.ﬁn— —n;}. “—Nﬂ@.uﬂux;
3 41
Example : The matrix A= . andk =
H =3
‘ D 21 i
3 41 9 12 3
heainal? 23 .lais
02 L L0 & 3.
Properties

(i) If A and B are two matrices of same orders then, we have
k (A + B) = kA + kB, where k is-any scalar.

(ii) Ifk; and k, are two scalars and A is any matrix, then
(k;Hey) A =k,A +koA

and ky (kpA) =k (kjA) =k ky A = KA where k = k;k,

2 -l
Example 4 : IfA= T L and A - 4A - nl, = 0, then find value of n.

souin B 5]
S K

u ﬂxmvi.._.:.nl:_Ame:T_xﬁ
(=1x2)+(2x=1) (-1x=-1)+(2x2)

mL
el %
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2 _4A - =0
Now A 4A _u._u & i 1 O 0
. (5 —4 2 -l ﬁ_ JL g =19 1 O b e ;
g 3 ) -nlg | 0o 00 1 3 tity matrix of order 3).
[ 5-8-n —4+4+0 00 .
IR lvon pwiang I P 3.4 Temspose of o Hari
S Let A= [a.] bean m x n matri
e ) ij rix. Then the transpose of TorA'
= wnx u_n_ H—uﬁ ﬂnvuml..u:uv:n;m is an n * m matrix such that e M
| (AT); =[a;) foralli=1,2, _m;j=1,2,3,..n
Hence value of n = - 3. le. ,_._.msm_uomn omm matrix is obtained by interchanging its rows and columns.
ﬁ J E - ﬁJ ——— 56 42
Example 5 : IfA = ,X=|,1, an i 7?13
r 4 3 1 1 Example : IfA = 5 M is a matrix of order 3 = 4.
Solution ; Given AX =B : : o
. Then, Its transpose is
2 4||n & 2n+4 8
= = 5 715
- T LZ _”LUT+L T; seaal "l qa
Tald 1 3 1 =
Mm+d=§ . a%? * =1y 5 & A
== - =n=2 g 02 w0 21 2
dn+3=11 .V 3
e —— “ rope .aoq,u..u._u_..saa.a Matrix
_— If A and B are two matrices, then
g (i) Transpose of the #E_muan_m of a matrix is the matrix itself.
Example 6 : If A= : n find value of A2, ie. \ Q..:a
a |.._1II||
- _“5 (A+B)f =AT+BT
(kA)T = kAT
Solution : Given A = | ° h o_ _Hi. (AB)T = BTAT
e . @ |_1}q>=§=ﬁnx>_mm=0:=om§_=ﬁna
10 011 0 o (vi) If 2 = AT then, square matrix A is n&_&@:qg)
Then Aeha=l0 1 0o 1 0 Hs_v>1-pqzﬁﬁﬂﬁa§>a“§,¢a§§n
. a b -l B , .
e 3.5 Trace of A Hlarmix
(A% 1)+ (0x0)+(0x ; —
y 3x:+:“=““ox“w Hﬂ””loxclch (1%0) + (0 x 0) + (0 x 1) ._._ﬂnwcmwmm_:m._.nEmﬁnb.maamhﬂnﬁmcaom&_&umgﬁn_nnﬁsﬁamﬁm
+AXD+O0xb)  (0x0)+(1x0)+(0x 1) matrix.

(ax 1)+ (bx0)+(-1xa) ExSlﬁx_:TuxB (@x0) + (% 0) + (~1x-)
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5.2 4 ay- M2 3

7 ay Gn 93

Example 7: If A= |10 = .
2 9 4 3 a3 9 493

Then trace of A = a;, + @y, + a33
=3+1+4=8

&Eﬁwﬂ\.@i 3 4 2 3
!
\\\;mm.u._u_u_am"_m}n -2 0f,pdgB=|7 6
7 =5 -1 3
verify that (A+ B)T =AT+ BT
3 4
: 2 0 3 =2 17
Solution : We have A = =AT =
4 0 =5
T -5
2 =3
2 5 -1
=|5 6 T
B e =B 1_Hlm 6 mu_

3 =2 7] [2 5 =1] [342 =245 7+(i)
T Ti= -
k% E ﬁ _% ”_ Tuw 0+6 |M+L

3 4 2 -3 342 4-3 51
A+B=("2 04|53 6|_[-2+5 0+6|_[75
7 =5 -1 '8 T=1 =5+%8 6 3 t
5 1 .
316
= (A+B)T=|3 6 u? _
6 3 5 3 ]
Hence from (1) and (2) we get
(A+B)T = AT+ BT b

Hence proved

MATRICES
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3.6 Deverminant of A Marrix

IfA=A= _“......u.__.__au_:n isas

_ quare matrix of ; 1i
de WPy matrix of order n ,_.g:..:napaaﬁ_n.‘___ is called

i.e. Every square matrix can be associated to an expression or a number which

is known as its n_.r.E.EEm_._._ If A= la;] is a square matrix of order n, then the
determinant of A is denoted by det A or A

a1 a2 a3 ay a; a3
a a
or A=[%21 92 adn = A= |91 92 a3
M1 G2 \ag3 4y az) ayp ay
Expansion of a Determinant -

ay app a3
JA]= | 921 922 a3
d31 Q33 day

...HNM QHW
a3 a3

a3 axn
I3 a3z

ay) a3

= =82 tap

az) 33
=ay (ay a33 - ay a3y ) - ayalay a3, - ay303, ) + a5 (ay, a3y - ay, a3, )
Note :
(i) “Only square matrices have determinants,

(i) Ifa row or column of a determinant consists of all zeros, then the value of
the determinant is zero.

(iii) The determinant of a square matrix can be expanded along any row or
column.

3.6.1 Singular and Non-singular marrix

P\\\ME:R matrix is a singular matrix if its determinant is zero otherwise, it is a
i.e. square matrix A is singular = |A[=0
and square matrix A is non-singular = |A| =0
sinf cos®
—cosf sin®

(1)

5 4
Example 9: Evaluate (i) ; 2 3
Solution : Py definition
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=% x 3}- xIHH._m..TmHHw
E_J.N 3| =6G*3-6x-D
] 9
(1) H”mm me_un%mﬁge-.ﬂsm?saa
Hmmﬂ_mmnToamm“
!
124
Example 10 : Find the determinant of A = 2 3 2
¥ T A
Solution : |A| = h 2
R
2 4 1 4 I N'
=1 2 2 2 2

=1(2%x2-4x2)-1(1-2-4x2) +1(1%2-2x2)
=1(4-8)-1(2-8)+1(2-4)

=_4+6-2
=)
3 =2 4
Example 11 : ifA=|! 2 !
0 1 -1
i@
21 1 1 2
T T _py12 -3
oo} el et 3
=3(-2-1) +2(-1-0)+4(1-0)
=_-0_2+4
=-7 Ans.
2 3 =2
Example 12 : Evaluate | * 27 3|, ing i
: '3 3 ¥ expanding _ﬂm_csm_,_._nmonfmmm\_wﬁl
Solution : By definition
2 3 =2
12 3 gpn __u - i.r:EL = i
1 e 1 -3 |2 3 +:m;.w_nu __

MmO o chnaing ¢

MATRICEE ~— | e 63
ﬁ =2 2 2 3 3
k= 2 a~%)| .5 !
==-9+2)+2¢6-9)- m.n:s
=7-20-24=_37

+2

Ans.
2 3 =2

xample 13: Evalute the nn—e.u._iun,_ 12 3 s
AM ﬂu B § A by expanding it along
first column, _

Solution : By definition

2 3 =2

_Hun;_:_N L3 =2 3 2
rr 02|, i +_T:..Z__7 e l:TTuT u_
nualmluvn:iw._.m_|u_ﬁo+3
=-18+7-26=-37

Ans.

7.7 Minors of A Marrix

-..m.? Wm_gmmﬁ—ﬁo:ﬂqﬁ&.aaﬂ: ?nﬁacﬁqk of a; in A is the

the square sub-matrix of order (n — :5552_? a_.uEEEm e

_.cimbn...soo_ﬁsam}. __
a @z a3

asy a3y ai3

— dn &@x
Then the minor of a,, = a3 g =My,
; a2y an
minor of @, = B M,
; ay an
minor of a5 = a3 =My,
’ a2 @3
minor of a,; = an @my|” My,
. M 93
minor of @5, = ay a3 | B

30
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a2 M
minor of a,3 = a3 3 23
o - -
ﬂ___._.m__._.oﬂﬁm-h—.u_“ v b.u_l.* =3
a3
minor of a3, = - =M;;
; _ | 2 -M
minor of @33 = e B 33
1 2 3
Example 14 : IfA= 32 -l
2 4 3
P | . =3
dﬁFE:nE:o_.um_”n:u:u < va_quE-o:n_uuH_u 5 u_
Moo -3 2 2 3 1 3 ] 2
B 2 g Ma=|4 3[Mp= 7 3[Mxn= p R
2 3 1 3 1 2
zg-_u -_Tsﬁu_lu -_T,_uwu 3 L

3.8 Co-facrors of any Elemenr of 5 Souvare Nlarmix

:_w. __._\\. i+ .___. wwn..-n_..

My, if i+ jisodq

Thus, _nu.u *

[/

33.3 B e mmm&ﬂ. mrw”:w.ﬁi..,.irr
00 o gz D.knkbﬂdﬁﬂmﬂ mqmj &m

MATRICES

¥ <4 3

.A.L ot
n.__HAI_UHL._ ?H:H?A:.H_H 2 IQ % \M\ﬁﬁ\//

-4 3

1 2 3
Ena =3 |
Example 15 : If A = 2 =1 then co-factors of element of A. %ﬂ

-3 -1 Ak &<\
mznT:T:m.p.un; 2 3 q_nlum+u.w_u.__r .nnwimm_mAA mofmﬁm

5 & R
Ca=CD"Mp= | | L |=2-4=8 =\ X

2 3 ¥
Co=CIP"My = | _, S|=-6+12)=-18 S

1 3
Cy=(-1P2M,, = 7 3 |=(B+6)=-3

1. 3
nml-_m&zmu -_H L_n -Irsum

2 3
nzuT_?_zm_u _H LTTT@n-m

' 1 3
anInH|~uH+N?_HmMH I_lw |”—_ " |_“I—+@VH.|..W

. L 2 :
nuuuﬁlwvm.‘.w guw" _ ...m.N _ “ ﬁH.-.m”_HW

Note : Minors and co-factors are defined for the clement of a square matrix,

7.9 Propenries of Deverninants

We mention some properties for a determinant of a square matrix A = lay 1 of
order n.

(i) The sum of the product of elements of any row (column) with their co-
factors is always equal so det (A) i.e.

g Tk
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Y. a,Cy = 1Al and 2%Ci = A

J=1 i=1

(ii) Then the sum of the product of ¢l
cofactos of the corresponding elements of some

& of any row (column) with the
g”_._.ﬁﬂ row ADO“__..__.._..E”— is Zero 1.e.

n "
2.9iCy =0 and 2.%Cik =0
Jj=1 =1

(iii) |A] = |AT|

i.c. the value of a determinant remains unchanged if its rows and columns are
interchanged.

(iv) If any two rows or columns of a determinant are identical then its value is
zero. b

(v) If each element of a row (column) of a determinant is multiplied by a constant
k. then the value of the new determinant is k times the value of the original determinant.

ie’ [kA|=k"|A|:Ais a square matrix of order n.

(vi) If each element of a row (column) of a determinant is zero then its value is
2ZEr0.
(vii) IfA = fa;] is a diagonal matrix of order n (> 2), then

|Al=ay) . ax.a33.a,

(viii) If A and B are square matrices of the same order, then

-

IAB| = |A] . |B| ;
1 =3-2
\Enrmm"mﬁmﬁ%qm:nn?@nﬁ;wﬂnr%:ﬁ&. ® =1 2
- g 5 2
Solution : Minors of the elements are given as .
-1 2 4 2
Mp=| s LHTmLSu-_N“zEn 3 u_nauauu
4 -1 -3 2

_.___-:n‘m 5 u_.,u_“_+u,._u~u..__..,_wn_ 5 2 =(-6-10)=-15
1 =3

1 2
:HMH§N M~HAH+&HHIh“?—uuH7w miﬂm+o"_h

]

MATRICES aw
Ma= |y 2] =~ GFmaty Myl Luﬁlm:u-m
1 -3
Mi=|4 -|=C1+12)=1)
The cofactors of the corresponding elements are
-12 42
ﬁ.__._._..NA.l:_: 5 M_H_HIMI_S"I.HNMG_MH.HIH.-TM 3 miﬂlnwlmvul

2
Ci3=C DMy =23, Cyy = (1)1 My, =16, Cpp = 4, Cpy = - 14
C3;=-4,C33=6,Cy3=11

3.10 Applicarion of Dererminant Infinding The Area of

A Triangle

We know that the area of triangle whose vertices are (x,, ¥,), (x5, ¥,) and
(x3, ¥3) is given by the expression :

1
A= 2 [x) Oy = y3) + x5 (3= ) +x3 Oy = »y)]

(In determinant form)

x ¥l
Since area is always a positive quantity, therefore we always take the absolute
value of the determinant for the area.

IfA (x,, ), B(x,, ¥5) and C(x3, y;) are collinear <> Area of triangle ABC = 0
x »nl
X ¥y |l
xoy; |

Example 17 : Find the area of the triangle with vertices A(3, 4), B(-2. 4) and
C(2,-6). PR

ie. =0

5 4
<5

1
1
2 -6 1

1
Solution : The area of triangle ABC = 5

|
== [4+6)-4(-2-2+1(12-3)]
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“ i
=5 (50+16+4)= W (70) =35 sq. units.

Example 18 : Show tha the points (a. & + €):
collinear, )
Solution : (x,, y,) = (a, b + ¢), (5, ¥2) = (b, ¢ + a) and (x3, 3) (ca+ b)

Basic MATHEMATI¢y

(b ¢c+a)and (6 a+ b) 5

n »nl a b+c 1
then X oy l|=|b cta 1
n o »n 1 c a+bh 1
Expanding for third column
b c+a a b+e a b+c
=kl awp]=1 ¢ a+b|t!|b ata

=lb@+by-cle+a)-lala+b)-c+e)+[alc+a)-b(b+)
ﬂn..m_i.&mrnulhnln.mlb&+._mn+n.u+ﬁn+n.w|&ul.¢h
=0

Hence, the given points are collinear.

3.11 Adjoint of a [larnix . &

_h;.lann...h_&osmaﬁnﬂwﬁunmoaﬁamn&ﬂﬁwg&nsgo;mn:??

Then the transpose of the matri of cofactors of clements of A is called the cgjont
of A and is denoted by adj A.

ay @y ay

If ) TA=|ay ayp Ay
a3 a3y ay
€ n._u ._u_m =T .u_mH Y
adjA =2 ¢ en| _lep, 2 ¢
3w oen] oy ey o
S&Euﬂmgﬁnggcmnmib.
Zﬂgu.ﬂﬁmﬁaanﬁm222d=ﬁﬁkam
g : : 0 ; .
Eﬁd&»g?na@aﬂ_%ﬁfa . zwhuawb?wﬁ__q_oassﬁg
= o off-diagonal clements.

-2 3
Example 19: _;nT L .

e ————

X Nt g apge e

Al _adin 69

18]

-~
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then by above rule

[
s L [
o

quﬂ_:mﬁﬁﬁaiaﬁaiu 2 1 wu
-1 2

Solution : Cofactors of elements of A are given by :

1 -3 2 3 2 1
Cu=|2 2|=%Cp= 3 378 %E= ]y o]=3
: 1 1 1 1 1 1 ”
Cu=-1, 3|=-LCxp= -1 3| =4Cm=| 4 p]==3

1 1 1 1 11 L
Ca=|) 3|=-%Ca=-|,; 5|=%Cu=|, ,|=-1

9 3 5F [9 -1 -4
aja=|l 4 3| |3 4 S
-4 5 -l 5 3 -
&Hﬁ—n 21 : Compute the adjoint of the matrix.
N 4 s
A=|3 2 6 )
0 1 0 ;
Solution = The of elements of A are given by

26 36 32|

Ca™(q 9 unm,n_muur o] " %Cs={y 4|=2
T4 s 1 S|, R
nEuu__ Ln+m,numu 1 an.nm.ﬁ.rrr ! i
4 5 15 L &) i
nu_ﬂ—m _m—nmn—l-_“_umhuﬁwnﬂl 3 8 Hehﬁ.wuﬂ 3 -2 ==1
% x 3 -6 5 14
i 5 0 -1] =|0. 0 9
A=
e 14 9 -10 3 -1 -10
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3.12 Invemrible Marricess ———

re exists a square matrix B of 51 3

MATRICES | 71

A square matrix A of order  is invertible if the : :
same order such that : b 5

1 =5
AB =1, =BA _ ;

Note : A square matrix is invertible iff it is non-singular. i 2 1 2 -1/2 1/4 3/4

bl gl S (B s =
H Now Al = _M = =:|=2 =3 1] _|-1/2 -3/4 11/4
3.17 Inverse of a Marrix S Al 4, | s SO <

i . - | 0
\\\LJ_ The inverse of a non-singular square matrix A is denoted by A™" and defined by . d i
?&Tm adj A 3.14 Solurions of a System of linear eouaTions
__/fluu\\\\. Al =m—==

14

- In this section we apply the theory of matrices to study the nature of solutions
The inverse of a matrix A will exist if AA™! =1,

and existence for a system of m linear equations in n unknowns

where I is the unit matrix. . Consider the system of m linear equations in n unknowns.
If matrix is singular then its inverse does not exist since for singular matrix, e X)Xy ..., 5 given by
E&m_m_m ﬂ.., 22 : Find the i f matrix by adjoint method g il D
" 3 _.-p‘._.n—.nmnc o R 51 %y +E.MMHM+ ....... +an=H.=" UU
.IFM H o “ =
A=t 14 By ¥ Gttt x =b .
12 These set of euations can be written in matrix form as
1 2 5] ap G2 ... Gy b by ]
Solution : Given A=|3 14 a3 Gz ... Gy 2| |62
|1 m. : Pl=l )
2% Ay Gy ooe Oy x, by, |
! .. ._P_M"m
=31 4 : e
Al A4 n:mlnvr:rv._.uﬁu.: .
L @y Gg - G x) by
=-2-4+10=4 &y Un o M 5 by
Now, cofactors Cij ==2,Cpp=-2, ¢ =2,C _ whereA=| @ 2] sX=| & |iB=|"
& w3 =L, H_ e e
G =3,Cy= 11,052 = Ga=-5,0 Oy Gy =+ o L*n om
=2 -2 3 Here A is coefficient matrix, X is the matrix of unknown and B i the column
Therefore, the matrix of cofactors C = | | -3 | matrix of the constants.
EI VR _Types of Linear equations
# 1. Homogeneous linear equations : If b, =b, = . =b, =0thenB=10

and the matrix equation AX = B reduces to AX = 0, which is called homogeneous
£quations, -
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Basic Zﬂmmz}jﬁ

72

oncof by, by . :thm for solving 4 p,
ianc - [f at least one OF Dy, By . p orithm OMogenegy - ’
2. Non-homogeneous linear B:m..%}ﬂé;r%ﬁ;:a:.zﬁomﬁ.ﬁ *.» _nm.%._ninﬁgﬁm_ﬁ_ System of ; *Ystem of linear equations
: : k=
non-zero then B # 0 and the matrix equation

MATRICES

4Uations in matrix form AX = 0 and obtain A
equations. |
5 " = _wg—wm_ﬁgf_.—ﬁ_.. . sol _—_.Suﬁ.hw."
Solution of Linear equations hich satisfies all the equations of AX = g il e h unique solu
A set of unknowns xy, x,...xX; W
called solution.

s _H_ﬂwﬁ_uu%&ﬁnwﬁs o Suations has infinitely many solutions. To
. - Bis sai consistent j these Ws. Putz =k ang , tions for x
1. ﬁoﬂmwmnn-—._"h,.b.uﬂn_ﬂ omﬂuﬁmﬂgﬁbu—.n]mm_m to be :....r—xm M”M_...___ Enn_._._.-.w.o_..-__n ma_..__nm._.__.f two equa

system have a solution. .

2. Inconsistent : A system of equations AX = B is said to be inconsistent j;
the system have no solution.

§.€a§£§§ﬁu+w+num

» Using inverse matrix method.
: Given system of linear €quations
& - + + =
@mo—.ﬁmoz of syvem of Li vations by invems; WH uw . HM ”a
- = . 1 : v. E
MATRIX mevhod (WArwix merhod) : b fod Spitias
Let AX =B be a system of n lincar equations with n uknowns. If A is non. J Step-1 : Equation can be written in matrix form as
singular (JA| # 0), then A~! exiss, 111 x] s
Thus, the system of equations AX = B has a solution given by __ 2 3 2]yl=]o
X=AlB _ 4 2 3llz| ;s
Wﬁ! Algorithm for solving a non-homogeneous m of linear equations s
IJF.I;:IME.FE : ie. AX=B
LetAX=Bbea non-homogeneous system of linear equations.
mn_v_"E%%uﬁﬁﬁazﬁnﬁisaxgiumioﬁ: 1 1 1] 8
A B A=t 3 T|.g )10
Step-11 : Find |A| 4323 In
Step-I11 : If|A| # 0, then the system is consistent with unique solution, then find ) )
II||||IIIII|I|I||||IIII|III| —
of s o A L 1 1]
A J.E:.ﬁb._ﬂ_\___ 4 4 9 8 4-12)
. = =1(9-4)-1(6-8)+1(4-
* obtain the unique solution given by X = A-'B Sl - & 4 2 3 e
Step-IV : If |A| = 0, then, the system is either consistent with infinitely many afd Do il
solutions or it is inconsistent find (adj A)B g . istent with unique solution. Now
If (adj A) B # 0, the system is inconsistent. Step-IIL : - |A| # O ic. the system is consistc ——
If (adj A)B = 0, then, the system is consistent with infinitely, many solytions, factors of elements of A are
For solutions put z = k and take any two equation out of three equations. Solve
these equations for x and v,

= Hl—wn =2
€11 =5,C12=2,C3=-8,C =~ 1. =
Cy=- 1,C3,=0,Cy3= |

5 3 8 .ﬁ.-_-g
2 -1 0

WU T
mssﬂ_muTaw 4 2 1

E?i:ﬂ%xﬁwgwﬁncﬁgﬁ_ﬁ
,:_ﬂrxnw.wut.uurwmﬁﬁ_:wq&mo_::o:.
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mam_nEﬁszj_,.
y A 2 - :
8 .= 1 0
L okd 130 u.M 2 -l
AT=Tar s 2 1 )
Solution : X=A"' B 2
% 3
=5 Y= 3
z
iex=2y=3z=3 ﬂwh.\

Example 24 : Find the solution of th
+7254, 3x + 26y + 22=9, Tx + 2y + 102

Solution : Given equation are
Sx+ 3y +7z =4
3x+26y+ 2z =9
Tx+2p+ 10z =5

5 3 71[x] [4
In matrix form| 3 26 2| || |9
7 2 10)[z] |5
[5 & 7 4
A=[326 2| n_[o
7 2 10 5
5 3 3
32 2
A= =5(260-4)-3(30- 14 =
7.2 10 )=3G0-14)+7(6-182)
= 1280 -48 - 1232
=1280-1280=0

Now, cofactors o*.m_n._sa of matrix,
n—_ =260 - .&i Nm_&__ AU_M S Hm.a n

_w”l—l_nm.ﬁ HIHQ =
n“__um“_..ll—_o .”wH“I H._..-m+ﬂmuﬂ 1 21 wﬁww 1

uﬁwmu_mh
256 -16 -1767

adjiA=| =16 1
=176 11 1y

256 ~16
=| =16 1
=176 1

=178
11
12]

m_aﬁ__ of equations 5y )

256 -16 -176][4] [0

adjA)B=| 16 1 11 {l9|_fo i.c. (adj A)B =0
=176 11 _m_ m c.

nity many solutions.
Now, putting z = k, in given equations, we get

Sx+3y =4 -7k
Tx+2p=5-10k
Solving, we get
_ 1-16k  3+k
RO A
s T=16k 3+k

[ ™ T » 2 = k are the solution,
.*r Example 25 : Solve the following system of homogeneous equations
Lo+ 3ypz=0,x-y-2z = =0,3x+yp+3z= c.\
Solution : The given system of equations
2o+ 3pz=0—

X-y-2=0 !;D.Iatw
Ix+y+3z=0
In matrix form
2 3 -ll|=x
1 -1 =2y —
31 3||= 0
AX =0
2 31 x 0
11 -1 =2 ) =10
‘where >|u_u.xnﬁ&o:
2 3 <
Now [Al=|1 =1 =2]=2(-3+2)-33+6)-1(1+3)
371 3

=-2-27-4=-3320
A#nmuqﬂns is consistent with unique solution.
x=y=z=0 : o
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equatins x — 2
: m..ﬁﬁﬂb?.\ﬁ\.:ﬂ\%\nﬁ\ﬁ\l i
N) mﬁﬂ%g Solve the following >
+y-z=0,3x+0y- &=l
Solution : Given equations 3
g-2y+z=0
h+m1nuﬂ
uu+®,|unu=
In matrix form
1 =2 1][=] [©
1 1 -1f|y| |0
3 6 -5|lz] |0
AX =0
1.<g 1 x 0
where A=|! 1 -1 X=|"|,0= .
36 5 z 0
1 =2 1
A=l e eseer2(-5+3)+1(6)
3 6 =5
=1-443=0
ie. Al =0

The
E&hﬁu%ggswﬁs?;%aﬁv solutions. Putting z |»=.m_..§

2 k=dy = -k
Ay £ h. Nﬁ
—ax+y = ki=>x= ..q...v.nq._._..
3x+6y = 5k B -
fimgowau L. [1.1.11.
37 37 = karc the soltion 9

u% Solurion of SYSTEn of
Craner's nule

Cramer's Rule : Let
\\ there be a sysiem of 0 simultanegyg linear m#
equation

MATRICES NN

unknowns as, given by
_uu.__ H_ + _uﬁM HM + ...+ Q-:H: = W__

% tapx totay x =b,

% Yapx t...ta,x =

oA R n
a 42 ... a4y by
dy Gy ... a

Let D= . : w: u B = WN
n.x_ Ay oo Q..__a __wu

: and let D; be the determinant obtained from D after replacing the 7 column by

. _Dh D D,

.H.—uhn_a h—imahwﬂﬂu Hallm..._l ﬁHO.._._Q_Gn_.U_%G
Algorithm for solving a system of simultaneous linear equations By Cramer's
Rule (Determinant Method) :

Step-I : Obtain D, D,, D, and D4

Step-II : Find value of D, D}, D, and Dy

If D # 0, the system of equations is consistent and has a unique solution, Then
solution is given by :

0
D

=

R
o .UuNI D

Step-1Il : fD=0,D,=D,=D3=0

Then for solution, take any two equations out of three given equations and shift
the variable z on the right hand side to obtain two equations in X, ¥. Solve these two
equations by Cramer's rule so obtain X, y in terms of z.

If D = 0 and at least one of these determinants in non-zero, then the system is
inconsistent.

Example 27 : Solve by Cramer's rule
x-y=17
@u\h\ 3x +5y =6

o I | 17 -1
Solution: D= |3 5 6 5

2 _.;

_Euw 6
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78 _p51=-3

6= =91.
= D=10+3=13%D,"5"

So, by Cramer's rule, we have

-39
B 2
H“bﬂ.ﬁﬂqﬁbn—m.ﬂﬂml\ _
Hence x = m&wu-m__w%_ﬂw_ﬂnﬁ_ ams_ﬁ_ns using Cramer’s Ry},
5

Exampfe 28 : Solve the following .
S5x-Ty+z =11

6x-8y-z=13
%\ u&+m.wlmu =7

Solution : The given system of equations 15
5c-Ty+z=1l

6x-8y-z=13
3x+2y-
5§ -7 1 -7 1 511 1
it 6 15 -1].
p=|6 % -1 D, = 15 -8 _“uuu .
i B g 7 2 -6 376
5 <7 1
g, 6 -8 15
2 &Y
Solving, we get

= D=55#0,D,=55D,= -55and D; = - 55
so0, By Cramer's Rule

Hencex=1,y=-1l,andz=-|
equations.
Example nw"maﬁnﬁmwﬂaaﬂﬁ_._a_gaf

o 2y =3, 4x + 8y = 12 by using
D% Solution : The given system of £quations jg :
x+2y=3

;_.,h._r., dx+8y =2

AN EO
" o@éé

» 18 the required solution of the given system of

MATRICES N@

1 2 3 9 1 3
. p=|, L_o_”_; o P
= D=8-8=0;D,=24-24=0,D,=12-12=0
,_.._.Em,UnU_ucuno
So, the given system of equations has infinite number of solutions.
Lety=k thenx=3-2y-3-2}
Hence, x=3 -2k, ¥ = ks the solution of the given system of equations, where
k is an arbitrary real number.
Example 30: By using determinants, solve the following system of equations.
.\;ﬁ,+w+un_.a+~.¢+uuuﬁn +3y+352z=17
- Solution : The given system of equations
H:.+..—.+NH—.
x+2y+3z=4
X +3y+52=17

L4

L. T 11 [ 1 1 1
™,
w et # u:.,._n 423{p_|14 w“uun__‘ ¢ 4
1 3 3 7 T e 37
Bnm_ﬂs_wﬁﬁ:omﬂcmcgmrﬁsmaﬁq many solutions. From first two
B.EE_._P
xty=l-z™
¥ +2y=4-3
For solution, we use Cramer's rule

11 1-z uﬂ
UH*—, Miﬁﬁlzu.—u.cu.ﬂ 4-3z m_.ﬂ_”MIMNvI_”AIuNuﬂlm+N

| 1-z
?mw&:ﬁ1nunm|w~.

and Dy = 4_3;

z-2 Y e — =
|ﬁI|HN|N-V‘| b _ m NN

Hauumiiﬁafwgmﬁ;ﬁgn
Then, x=k-2, y=3-2kz=k

=

B
D
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30

Example 31 : Using det°
equations. k¥
A—y+3=dx+tET ' tions S

Solution : The given system of
25-y+ 3=t
x+y+2=12
3x M._‘..-.mnh—.u_

solve the following syste,, "

2 -1 1
1 312
3 213

y+16-6+1¢=%

. D= =26-4

=10-3-7=0

4 -1 1
12 312
10 23

D, = =4(9-49) 1+(36-20)+ 1 (24-30)

=20+16-6=30%0 -
, the given system of equations is inconsistent

9 \m\“mm._m.. values and Eigen vecrozs of A SQUARE maarzix

\\ Let Abean x n matrix. Suppoes the linear transformation y = AX transforms
X into a scalar multiple of it self
i.e. AX =y=24X
- (A-ADX =0
Then the unknown scalar }. is known as an eigen value of the matrix A and the
Sgg.ﬁafgxwgﬂﬁnisg%?

This system of equations has non-trivial solutions if the coefficient matrix
(A - Al) is singular i.c.

A=Al =0
This equation mwgdﬁnguﬂnaﬂﬂﬂ:ﬂs:o_.}
Note : .
E mﬁgiﬁ%mﬂnﬁnﬁﬁhﬁaﬁﬁaﬁmﬂnm uation
(i) _n&_aﬁm_mﬁiﬁgmﬁix}ﬁ&a.ﬁ& b -
oy e : en the corresponding €iged
(iii) If A is singular then at least on of its eigen v
ue

is zero,

matrx.

MATRICES @.—
: —._.H-E_-_u 32: Find the eigen values and corresponding eigen vectors of the
8 -6 2
-6 7 -4
2 4 3
2 6 2
Solution : Given matrix isA= | % 7 -4
2 4 3
Let A be the eigen value of A
._._.ﬂrnﬁngnﬂﬁno:owfmﬁqﬂg
|A=2ll =0
§-L -6 2
&k -6 T-A -4 =0
2 -4 3-A

>@B-D{(T-M(B-1)-16}+6 {(3-1) = (~6) +8} {24-2(T-1)}=0
= -3 +180%2-451=0

or AA-3)(A-15) =0

= 1=0,3,15

. Eigen values of A are 0, 3, 15

To find Eigen Vectors :

b
Exuﬂ& be the eigen vector corresponding to A.

By -

Case-I : Putting A = 0 in equation (1), we get
8x; — 6xy + 2xy =0
- 6x; + Txy = 4x3 =0
ma_..#m+wnm =0
Solving, by rule or cross multiplication, we have

X3

Then AX =hx
i (A-ADX =0

8-L -6 2
-6 7-A -4
2 -4 3-A

or
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T ¢ Ma
Basi ﬁqmz»jg
X \...WMI....
x u\nm_nmumm.,mm
2u-14 32°
A .MWHWM.
or _qmumo 20
or .MHWWHMMMHW_AW#“EV
1 2
=k =2k ﬂw“Hf
= X =k 2= S
ky
2y

. Eigen vector corresponding to . = 0181 = 2

Case-II : Put ) =3 in equation (1), we 8¢t

Mlmu H_ 0
-6 4 4(x| _|0
2 <4 0]lx] |o

= 5x-6x, +25; =0

= bx) +4x; - dxy =0

uh_ |&H~+9«u ={
Solving, we get

-Ch . T
24-8 20-12 20-36

e e ol e Sk B P e TS R e

MATRICES | mw

-7 6 2 x 0
-6 -8 4 5| _|o
H -4 JHM .Hw 0

Solving, we get

h B 0x
24+16 -12-28 56-136

N_%_xn
= HllHJl—lHWw_”rm“ﬂv
.H_ru..w 3

= 27173 k0

H.m Mhu.
= x=|%2| =2k
X3 ks

2ky
- Eigen vectors corresponding to L = 15 isX;= _nu»w_
ky
Example 33: If A is any m x n matrix such that AB and BA are both defined

then find order of matrix B,

Solution : Since AB exists

Therefore number of rows in B = number of columns in A
. B has n rows

Now BA exists

=+ number of columns in B = number of rows in A

= B has m columns

Henee B is of order n x m

13 11 .
au!.__-_nm.n:m_”c ; A= T_ |;.=§._m._iﬁﬁmu}.

Solution : Given equation

o -l ]
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[ A

1.;-3_.,
(IxD+(-3x0) (XD T 0 -1 Any,
- ?x_::xe @xp+x-DJ L7 i
Example 33 : If A and B are two invertible mafices e
matrix AB.
Solution : -+ A and B arc invertible
So A-! and B! are both exists.
Now, (AB)(B- A-')=A(BB)A™ { BBl=)
= AlA!
= (AA ) =1
and (B'A)(AB)=B' (A”1A)B
=BlIB
=B'B=I
(AB) B'A™!) =1 (B! A”!) (AB)
= AB is inversible
= _Sm__num._bp__ L Ans,
Example 36: If A = _H“ “ w_gmaﬁa%a&x?
Solution : IfA “Hﬁe_ﬁmﬂuﬁagﬂ

Egﬂﬁ }“M.ﬂb.

Ans.

_”3.5
A MATRICES @m
we know that
1 _adjA
Afad) A) = A (A1 1A) ﬂ m_uq_m_i
AT e =
=[=0
Hence A(adj A) is the null matrix.

I 13
Example 38: H;,HT a”—.ﬁm A2- kA - 51, = 0, then calculate the value of k.

1 3
Solution : Given A= T nH_

%-E.Lm =0
= kA =A2 - 51,

b 2 sl 1[5 )

13
=5|; 4/=3A

= kA =35A
Ho __num.

01
Example 39 : IfA= T L.,sn_miiscmh.

s ” Al ]

sonaeft 0 0

i I -0 e

Example 40 : The system of linear equations x +y +2z=2,2x+y-2z=3, 3x

+2y +kz = 4. Find value of k for which system of equation has an unique solution.

Solution : Given system of equations
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x+u_+u.|.M
2x+y-2=3
uu+~u_+__..uuh_
Eﬂﬁ%ﬂn:%ﬂﬁ%ag
111
21 -l .ok 0
32 4k

Example 41 : Simplify

- sinf —cosf
namm_‘vx H—+m,-=m cosf  sinf

a uniqueé solution if

-sinf cosB
Solution : We have
cosO sinf] n__m.-si
cosd| .0 — +sinB| o sind

cos’®  cos6sinf sin’0 -cosOsin0,

ﬁ-_ﬁ&i c0s20| " |cosBsind  sin?0

uﬁ cos?B+sin20 cosBsin6 - cosBsind

~cosBsin 0 + cosBsinf cos? 8+ sin’ O

10 |
u? Lnfu&n;@:ﬁiﬁ%i&é
@ Example 42 : Find the valye of x such that

= [rsam ('® %
/! E__._.._M._wu_ Sfmo (43
Solatit {45 )
I3 90
[xi 2 5 12 ”:
15 3 2||x

B - UL S Sy

MATRICES 87
= : +Nﬂ+—MM+MM+u.M+H+M— 11=0 )
¢ ;
x
= [Zx+165x+6x+4][1]=0
2
x
= ﬁm+~n+u_“m+u£+ni+5_ua
= ¥+ 16x+28=0
= 2+ ldx+22x+28=0
= x(x+14)+2(@x+14)=0
= (x+2)(x+14)=0
Hence x=-2, - 14
SEE Ty
1 0 -1
Example d3:If A=[3 4 5| i
amp : A , verify that
0 -6 -7

A (adiA) = (adjA).A = AlL,

1 0 el
Solution : Wehave A =|3 4 3
o =5 1]
[ ¥
EEREE
=1(-28+30)=0 (- 21 - 0) 1(18 = 0)
=240+ 18=20

Now co-factor's of elements of A are
Cy1=2,C5=21,C3=-18,C;; =+6,Cpp =~ 7,Cp3=6,C3;=4,C;, = -8,
nww “.A. .

221 -18F [2 6 4]
adiA = 6 -7 6 =21 -7 -8
4 -8 4 -1 6 4
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@@ MATRICES
s 4
i, : 7 -8
g i 3 21 . 9-4-5 8-8+0 8-8+40
ZDF_. _}Ahh._hcn 0 5 ) l_.m = Wlm.fﬁ_ 9-4-5 8-8+0
L 8 8-8+0 8-8+40 9-4-5
20 00 1ol
o 20 La” 5 |~2m_ns=w 000
:.cm_.._ ucccuo_._n__nnvaéu
000
g 6 41 0 1] 20 0 Further, A2 - 4A - 5[ =¢
. g 1 8[|3 4 3|=]0 20 = A-d-5A7 =
(adjA)A = 3 6 4]0 6 =7 0 0 o 1
. - A= ZlA-an
100
=2 010 n.._.Eun_b__ ; 1 2 2 1 00
i =32 24o 1o
) y 221 001
AadjA) = (adjA)A = |All;
) 1 22 -3 2 2
1 o
\ ple 44 : Show that the matrix A = .m. w w satisfies the equatiy "3 M nw .M
=4A-1; =0, Hence find A" Hﬁtﬁugoﬁngﬁ.ﬁﬂﬁngwwﬂgwEw.
[ 2 2 x+y=19
Solution : Given A =|2 | 2 g é u&lw_nuu
na% 22 Solution : Given equations are
/w,.% : g Ix+y=19
L S22 9 fose Ix-y=23
/ww_n_ Now, >mn.}_h._n 2.1 2/|2 12 _|8 9% Gl;w 1 19 1
Q 2230133 1%y 5 o =|3 o|=-3-3=-6D,=|,, LTL?EHLN
O 1 | L ; 00 2=13 93| =69-57=12
i e 1 0 : i :
8 8 9 2y .; 5 & 4 5 Since D # 0; so system has unique, solution. By cramer's rule, we have
. . T
el

Hence, solution of given equationsx =7, y = - 2

bl L Bl ol

AN

89

43



BasiC MATHE E.._,_;

\Eﬂa% 46.
un+w+Nnm
.mnlau_+wuuld
.ﬂﬂ+|ﬂ_|WN"|_._ .gef.ﬂaﬂ_._o._.—ma—ﬂ_ —’-:- Nau.m_
Solve the given system of equaliof ™
e g 1 _
7 4 3l =63
Sol. : a=ly i3
g 1 A
|+ I =-63
L TR I
13 2 1
a=(?2 3 =126
14 -1 -3
3 1 2
A= 2 4 -l =63
4 1 il
. N8
Sl e e
. _4; 126
Y=%4 @ 2
A 8
Z= .p = w”_. r
Example 47 :._u >
pi . - .
1 K| =0 the Kis equal to 9 [R.U. 2015]
- [
Sol. :
__ L =0
= K+1 =0
= Hﬂr._-
3

‘MATRICES

Example 48, Show that for marix A = 2

Solution : A

e e i &l st B

3 14
a4 449 s A1 = AT
1 -8 4 /
) [R.U. 2015]
_|m 1 4]
9 4 4 7
L1 -8 4
_.-m 4 1]
- 1 4 -8
9 el 1)
[ 4 7 4]
; 72 -36 -9
wl_ -9 36 72
-36 63 -36

1
3 (-8x72-1x9+4x-36)=-81/81=-1
72 -36 -9

O | [ T

A-l
Bl 36 63 —36
gl B = = 4 4 1
=0 -1 4 8 uw 1 4 -8
=4 -4 4 7 4
Hence AT=47-1
1 3 0
3 & B g i :
Example 49. A = et Verify that A. (adi A) = (adj A). A =
ils ’ [R.U. 2015]
I 3 0
Solution : -~ A= 3 4 5
0 -6 -7
=+ |A] = 1(-28 + 30) - 3(-21 = 0) + 0(-18-0)

adj. A

2 463 =65
[ 2 21 15
21 -7 =5
|-18 6 -5
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922

Similarly (adj. A). A

NN_ 15

-5
A adj. A= 0 6 -7 -8 6

15-15

~ MATRICES 03

= W3~ I18A2 + 45 = ¢ =A=0,315

Qm.ﬂ.:z__.nmpau._uc_vuuu.fu_u

Now eigen vector corresponding to A = 0
[ 8 6 2 x| [0]

-6 7 -4lx,|_lo

_um -4 3 Mwl 0

WML—ﬂwlmﬁ._.?wnu

=

65 0 0 [8 6 2][x] [0
_loe 0 -6 7 4|x,|_|o
) Q Gau .._U ..(u Q unu- rD:
7 Hvm..:|axm+mxwu9|xw+qulaxuuo
LR and - 5%+ 53 =0
1 = % = X
001 Hence 2 -%=0= Xy = 2%,
: Letxi=1= x,=2, x,=2
=651 = Al I, 1 2 3

-

221 1501 3 0
21 -7 5013 4 5
-18 & -5)0 -6 -7

1

B, = 2| is the required eigen vector.
2

Now eigen vector corresponding to A = 3

65 0 0 5 -6 2ixq| [0
_| 086 o u_mm_un_}:u -6 A._a Xs| = |0
0 0 65 2 4 0] x 0
A.(adj.A) = (adj A) A =
(@diA) = (adjA) A = |4 1, = 5%, - 6x5 + 2%, = 0

Example 50. Fj —bxy + dxg + dxg =0
n.uaw:.w@ i?nnss_ﬁeas:@&ﬂ_smnwﬁg:z 2%, - dx; =0
- 8 = Xq = 2Xs
- 2 Let %=1 = =2 =>x,=-2
-6 7 4 N._
: 24 3 [R.U. 2015
Solution : Charactersitc ©q. of the p; B,=| !|is the required eigen vector.
B-4 % e matrix <5 14~ ) = 0 =)
= -6 T-A 4 - Now eigen vector noﬁmﬂoﬁ.ﬁm oi=15
2 43| ! -1 6 2| x; 0
1m IM In_. un.w — O
2 -4 =12 Xg |@
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: " .u;_ .ﬁdl. |¢ m.H.—;.&MU..f.TNN n...w__n.fﬂu.mu-..-NHﬂ
- X - i |
f , 6| =xs| = 1 X+ 5 L_w |~x+m+.\.uomx+u_. i n_uw.ll.d
| <2 0 Y-4z =dz-|1T=x+5y-8z=-17
R, »R,-R = NLu_ur.z. = 05 1 F.
r.] [® : 21 0
-1 6 2% 52 D = =89 "
“ 7 6% = g 15 -8 aqmu
= " | ' o,
R; & R; - R; = 0 0 0% 0] RS e &-708
; 1[0 D,=[ 31 Ol_y7 YG
7 -6 2% H
1 _ 0 -17 5 -8
20 -20 0% | =
R, » R, +3R; = o 0 0] 0 0 3 1
L =12 5 0]_
= =X GM =t | |mm
A =20x,-2x=0 = %778 1 -17 -8
and -Tx, - 6xg + 2x=0 05 8
= 3=-% =9 21 3
w=1 = = -2 and X9 = =267
e = ; P
_ﬁu - By cramer's rule
' B, = | 2| is the eigen vector corresponding to A = 15 D
L B
4 5 . 2
Exemple SL. A= |, 5 findA?-4A+2, [R.U. 201¢] : | - g™
: 45 " (4 5][4 5 E: ﬂwum
Solution : A= | 3| =A u._ 311 3 2 D
. Fal 35 gﬂ.m 53. Find eigens values and eigen vectors for the following
T matrix
=17 L 2y ol b =
: D=l 6 2 2
Aothson |2 5] 18200 20 ML [R.U. 2016]
2L )74 120 2 ==
[7 15 ¢ = =
n.m L Solution : k=2 54
Example 52. Solve the following system of equer: . 2 -1 3
E__un___z-u_ﬁq:m_ﬂn Cramer's Let . be the eigen values of A

35 1[x] [u 5
rule : .pu__..____nmn.J;u

"ol e |y
e . T

Characteristic equation of A is [A - Al=0

y 6-A -2 2
E 2 3=-% =1] =p
2 -1 3-X

[R.U. 2016]
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MATRICES @N
926 (=26t G |
+UT N =0
_ _“.LT?@L_LE g 1o
= (-2 (B-A -1 L7 s maB= () L verity o
= G- CC =0 | o
= E”-&;ﬁwr%-a,, OA+B)T=AT+ BT (i) Ay < gpr
6A°-36A+ 8-
5 -3+ 10236k 3T Sy = I 0
= M-+ -3270 LAY =], |ad2x+ya 5 5
= A-DA-DA-H)"
= A=22,8 and 18 ¥3 c0s28  sin 29
g Aare2, 2, I X2 and e
: Bemindin i 5 8> inn et
igen " .
H:E. F“”—. -
4 2 20y 0 111 3 05 1
2 1 -] o[ 2 S ] L ] T 4|, Find X and Y
2 -1 1lx 0 100 11 8 o
” -2+ 253 =0 341 11 5] [7 0
Sy ey LA s 2] *lo 1)=|i0 5| Findrandy,
-t = g
By cross multipliation % - -1 0 2 -1 32 3
wnaﬂmuﬁ v nuq.muua_aanuu_g
e . Find (i) A+ B (ii) B + ¢
-2 2 2[x] [0 x uur.,._-um
A=g: |72 -5 -lf|x| _|0 9 If 2tz 3y-w|=|s 7 .Eﬁ&acﬂ_:ﬁcwﬁknmﬂﬁ_.lll\ll\!
L2 a ]kl o -
AT 10, _EMT r_%aszsnw-_ﬁwﬂgﬁﬁﬁg.
— e T i = u
% s 11. Find the adjoint of each of the following matrices
m”_ & . ! i 5
= X=| % -9 ¥ 1 tana/2| 2 31
K, ET L E%LEE_” L W
Exencises 1
|||.|'.||.’I|.’II‘I'I| E— ¥ o
1. Give an example of 1.& _.,,.,w w
i) a column matrix (i) a roy gy o R , show that adjA = A
H—._._ a column (i) 2 row matriy _n:.—.._ a E_mmo“_..ﬁu matrix ....__.__.u a scalar _._.._.mﬁ.—..n 4 4 3
- Fa
2. IfA= <1 2 _m_ua.__.._nrﬁ?u

i
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98 ' MATRICES | 99
matrices .
13. miﬁsﬁa%a&&%mgn & TE 2 31 120
1 4 1 e 1 2 =1 0 2
ﬂ M N M yus W Q- MI u_{.l
ET L ET L Wiy i 2 el e

-2 25
m}+wmm=3&m=&_m.:w+nn~m H_

T.x=2y=-8

3 2 6 7] ) 1
= % ABY :
cssm] ol o . i
g, x=3,y=T,z=-2, w=14
-3 1 4 :
_ * —_—— ; 2 3 -3
1S. Show that for matrix A= 3 A ._._t A . = @ I tme/2] 13 ¢ o
1 -8 .| 3 W tane/2 1 i [P
122 = <l 3
16. [FA = 23 2 E\hﬂvm—x— E.}ulh}ImH“O . 01 | 1 -5 Wt =
e ;,e__:amuierwﬁw
17. Solve the following system of linar equation by cramer's rule.
() 2x-y=1  (ii)9%+5r=10 (iiiy Ix+y+z=2 14,
T S uq_ h._.u u
i 3y-2=3% e-dy+3z=-1
dx+y-3z=—1] E
18. m&ﬁnﬁgsﬂgowgggﬁg b _....u S
(i) x-2y-4=0 (i) x+y+z=3 ) )
Iu‘ﬂ._-MH...-.nq"c_ HH+.__._+NHN : nﬂm H".._.l.ﬂw.u.. Mq
19. Solve the fol o | i) x=-I y=2, z=3
- Solve the following system of equation by using rare. - ¥ iy T
x+2y+7 ux._.nnvm___._._mn__.._m inverse method
X-y+3z wa._.mw.._q
x+y-4 =224y+ |9
[R.U. 2016] e

Answens 3 1

..\. |/|\ : :
; s ﬁahm sindg !
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