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1.1 InTnoducrion

Calculus is that branc-h of Mathematics, in which we study the variable quantitics.
It has two branches : Differential Calculus and Integral Calculus. In differential
calculus we study the problems related with the rate of change of quantities.

1.2 QuanrTiries

(1) Vanable — A quantity used in a mathematical operation which can take
any value from a particular set is called variable quantity. It is denoted by
Y. 2. :

(ii) Constant :— A quantity whose value does not change in a mathematical
operation is called constant. It is denoted as a, b, c.

(iii) Interval :— The set of all real numbers lying between two real numbers a
and b (a < b) is called an interval. Length of the interval is b — a.

(a) Open interval :— The interval in which terminal points @ and & are not
included is called open interval. It is denoted as (a, b) and is equa! ¢ fx:a
<x <.b}.

(b) Closed interval :— The interval in which terminal point a and b are included
is called closed interval. It is denoted as [a, b] and is equal to {x : a <x <bj}.

(¢) Semi closed and semi open interval :— That interval in which one terminal
point is not included is known as semi closed and semi open interval. It is
denoted as [a, b )= {x:a<x<b} (left closed and right open) or (a, b] =
{x:a<x=b)

1.7 Funcrion a

A function defined from a set A to a set B is a rule which associates each
element of set A (say x) to some unmque element of set B (say £(x) and it 1s written
asf:4A— B ——

If an element a € A is related to some element b'e B under the function fthen
it is written as b = f(a). 'b'is said to be f-image of 'a’ and 'a" is said to be pre image
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\w.@ in, Co-domain and Range of a function s called co-domain of /
A

:_hlvwg;gasnﬁ?a:&ﬁﬁew:
E&E«ﬁ%ﬁgam_gﬁmﬁhmmﬁ_@mﬁlt
Range = {f (@) f@ B VaeA]

i tx = athe
Defined and Undefined function :- If f(x) be 3 ?annn_whm h.”_ ,ﬂw Mn o
value of the gkmnviwﬁ_sggqﬁﬂ.?hnﬁaﬁ Ehu_n_r..nn
a.unBﬁwm&_,&mnnauﬂm_unaaﬂzﬁn?mmEnS undefined

Example : The function f(x) = ¥ a__z%?&;]mmmmw.msa_
m..ﬁ.u_.no&?n&aub?a&ghuzmuma_oiggg
values of x :
fEx)=f()
and an odd function if f(-2) =~/ )

Illustrative Examples

O Example 1. 1f f(x)= J35_? then find the value of f (3), f (-4) and
domain of /.
Solution:

f3) = ,mmlva__m =4
fE-4)= ._‘NTT&H =3

v fis definedif 25-x% 20
; o2 <25
[

Ul

O Example 2. For what values of x the functivn f (x) =
will be defined ?

) ) [5x-x2 2
Solution: /. wil be defned if log | ~— | 20 X=X
& S5x-x2 26
= T X2 -5x+6<0
]

(x-2)(x-3)<0
~ooxe [2,3]

O Example 3. Find the range of the function fO)= %
Solution: Let /(x) = y lex?’
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1+x -
=xly-x+y=0
For real value of x,
1-4220
= (1-2(1+2y) 20
1
2

-1
= 2 Sy=

Ty
O Example 4. If f(x) = &* then prove that
fa+p=f&.f0

Solution: .. Sx)=¢e*
flaty)=er=¢.¢
=fk). 1)

x-1 , x>3
x2-2 | -2<x<3 then find the value of
2x+3 x<=2

O Example 5 If f(x) =

f@).
Solution: 2e[-273]
. Using f=x-2 .
f@=0@r-2=2
O Example 6. Find the domain and range of the following function
3 . ax+h ’
Fogs——o [R.U. 2015]

Solution: Domain : /(x) will be undefined if cx—d=0orx=d'csodomain of
f=R-{dc}

Range : If fx)=y
= MH.” =y or ax+b=y(ex-d
or x(cy—a)=dv+b
_dyv+b
or th..fln_

x will be undefined if ¢y-a=00r y=ak
. Range of f= R - {ale}
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— Execcise 1.1

L Iff(x)= __nﬁ._|+|n. then show that

\ (@ +£(5) = xﬁ_ﬂg

3. n_-._—_.—.s..wl —+hm+ —.—ggg

f(tan 8) = cos 20
- 5r43
&w..?-hauﬂmmmﬁgnﬁ

x=£0)
4 Bl _.i u then show that

fE+1)+f@) = _onmu.:w
% mnﬂgnﬁmﬁgguﬂgﬁc&
1
e S =x- #-a+uu: (ii) ai_-_qli uf.;
(i) £ x) = x T -_w

a*+1

" _"iua?ssa.,
0 fix)=

Am.._.n..m.aﬂvnu,—nh+§&

...u-. \

) fe9= uu_ﬂu
T
@ 16)= tog, ({57 + /675)

(i) Sx)= W._.lm (i) -.\.ﬂnh_l x? -x+1

2 exe (i) f 1) = ¥ & gx
Answers 1.1
S Dol Biodr e
(iii) even 3
{iv) Ni

o ?3 ) Niehter odd nor eyen

. 3 (ii) 4, 6]

7. @R- {1}

(i m L

(iii) (-, )

FuNCTIONS

1.4 Graphs of Real Funcrions [R.U.

5

2016]

(1) Constant function :~ If range of a function is constnt then it is called a

constant function such as y = f(x) = ¢ where ¢ is constant.
4y

(©,¢)

»[lx)=c

v i AV

Constant function Q
Fig. 1.1

(2) Identity function :- The function
f(x) =x, ¥xeR is called identity
function.

x |2[-1]0[1]2
ro|-2]-1]o]1]2

2%

1 2

(3) Modulus function :- The Fig. 1.2 Identity function
function defined as e
fro=ist - [ 22 w
nn_—nnﬂo_n—:_:mmEoﬁS, 1
[ = [2]-1]o1]2 o = ) T [
rml2]1]ol1]2 r
-2
(4) Signum function - The function defined as 2 .
Fig. 1.3 : Modulus function
f@= “_w_ S z
0 _s._uﬁa x=0
1 when x>0 ==
= 10 when x=0 e - e
-1 when x<0
is called Signum function. -1
= [-3]-2[-1]of1]2]3] ,_;..

@ [-1]-1]-1]0 1{1]1] Fig. 1.4 : Signum function
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- defined as [¥] = greatest int
(5) Greatest Integer function := The mn..nﬂun : A
< x is called the greater integer functior

u
_qnﬁmunu___uao ﬁlm.‘ n|uw=a TR nH

Note : (i) [x] < x (i) [x] + 1 >*

X

a3 Pl 234

_Q.

Fig. 1.5 : Greatest Integer function
(6) Trigonometric function :-
(1) f &) = sin x
Ugﬁunmﬁnxuumnuhi 1L1]

||||||||

|||||||
|||||||||

Fig. 16 : Tri AT

E:Eanmgaw&ma|

FuncTiONS
(3) f(x) = tan x
2
Uonﬁinx|fnm_vn.:mmv
and Range = R
i B PR
LY b [ i
(-2 c"n 2 : = > x
2| um |unbM (7] m.._mm n0) mnbﬂ\

Fig.—1.8 : Trignometric function S x)=tan x
(4) f (x) = cosec x

Domain = R - ﬁ% Em& and Range =R - (-1, 1)

L]
L}
1
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i
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.Rw..dl H i i L e
..... I 1=.:)] LT T
BT : .
" “ m “
| : _, m
Ll 1 L) 1

Fig~1.9 : Trignometric function f (x) = cosec x
(5) f(x) =secx

(2n+1)

[ =y
Domain uhlﬁ 5 a:mm_v and Range =R = (-1, 1)

£
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=
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Fig.~1.10 : Trignometric function f (x) = sec x
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(6) f(x) = cot x
Domain = R - {n= IneZ}

and Range = R

Basic MATH EMATy,

¥ . :
mﬁ/&ha “ ﬁ%s ®29) | @e20);
i ." J muﬂ J ] w.__._ M.m.._._" »x
1 i _:...u._- L]
Fig—1.11 : Trignometric function f (x) = Sa x
(7) Inverse Trignometrical functions i
(1) f(x) = sinl x
Domain = [-1, 1] - .--.m....raﬂ
non X ' H gk
mmummﬂ = | —— - I [
d ﬁ iy L e T
(1, -n'2)
(2) f (x) = cos™
" Domain = [-1, 1] Fig. 14.12 : Inverse Trignometricy
and Range = [0, =] function f (x) = sin~! x
4\._..
Z? O.m
e L
] .n_v_u_u -X
Fig.1. —m 2 Ftn?.n Tri A
@) f@) = rignometrical function £ (xv) = cos! x
UQEE ..x
and Range = Hai .mu

(5) fx=

FuncTions
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Fig.1.14 : Inverse ,—.dn-.n-:_z,..ﬁs_ function f (x) = tan™! x

(4) f(x) =cot 1 x

Domain =R
and Range = (2, )

llllllllllllllllll

llllllllllllllllllllllllllllllllllllll

Fig. 1.15 :Inverse Trignometrical function f (x) = cot™! x

cosec~! x
Domain =R - (-1, 1)

and Range = Htl lw - {0}

(-1, m2)

-

(=1,-%2)

Fig.1.16 : Inverse Trignometrical function f(x) =

aﬂwﬂnlu X
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(6) f (x) = sec! x
Domain =R - (-1, 1)
and Range = [0, x] - {n/2}

bV

Fig.1.17 : Inverse Trignometrical function f (x) = sec™! x
(8) Hyperbolic Functions
(1) f (x) = sin hx
Domain = (- o, )
and Range = (- o, o)

1.7_1
Fig. 1.18 : Hyperbolic Function f (x) = sin hx
(2) f(x) = cos hx Fr.
Domain = (- w0, o)

and Range = [1, =)
¥
I/f.ft\\\.
— 0.1 R
8] —X
Fig1.19: B 4
GV f@=tanhe Peroolic Function f (x) = cog
HVO—._._.M_..._._. - AI 8. Sv

and Range = (-], |)

FuNcTions

||||||||||||||||

Fig. 1.20 : Hyperbolic
(9) Logarithmic Functions
(1) £ (%) = log, x (a > 1)
Domain = R*
and Range = R

Function f(x) = tan hx

a>1

Slx)=logx

(2) f(x) = log, x (a <1)
Domain = R*
and Range = R

o oo -

»
g~1.21 : Logarithmic Function f (x) = log, x (@ > 1)

a>]

S(x)=logx
(1,00

w

-t1
Fig.1.22 : Logarithmic Function f (x) = log, x (2 < 1)

(10) Exponential Functions
(M) fx)=a%(a>1)

Domain = R

Range = R*
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¥

Fig.1.23 : Exponential Function f (x) = &* (a > 1)

) flx)=a(0<a<l)
Domain =R
Range = R*

i

©,1)

¥y

>

Fig. 1.24 : Exponential Functibn f(x) = a0<a<l)

-.—.._._m.-.ﬂh_.-.md__m mng—.mm
8 Example 7 :Draw the :
interval [-4, n_.s_ graph of the function y = | x - 2| + | x - 3| in the
Solution :

IH*MJH-TH.. ILMHﬁ.N

5-2¢
= 1

x=2-x+3 :

X=24x-3 -

2<x<3
3<x<yq
-4%x<2
2<x<3

: 2x-5 .
._.mcEnEﬁ_,._._nc&ﬁmaquEH v 3<x<y

FUNCTIONS ._ w
x|-4(-3|-2|-1|0]1]2]25]3[35](2
yls|inlel7isfsl1l1 1]z [3

Following is the graph
rm.f g
ﬂx 4
5
h. L
w L
M L
U} u [
e -4 -2 2 E] 4 *
Fig. 1.25
O Example 8 : Draw the graph of f (x) = cos m in the interval
|- 2=, 2=].
Solution : Tabulating the values of x and y
nouh_aphmnumlauﬂunlnuun
1{=|o]l-=]|-1] = |0 |-=]-1
@15 217 2 3
Following graph is obtained
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1.2

Exencises 1.4

3 cos x when x€ [~ 2%, 27

1. Draw the graph of function y =
2. Draw the graph of function ¥ = 3 cos2 x when ¥€ [-
3. Draw the graph of function /() =~ y4-x*

—x . =45x<0

4. Draw the graph of function f (x)={ ¥ -
1-x, lexsd

Basic v?EmEdmm

f, T

0<x<1 inthe interval hl 4, A_

5. Draw the graph of function f(x)=|x|+|x- 1|when -3<x<3

Answers 1.2

FUNCTIONS
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N_NJ Binary O_gm_.m_m_osm

—
2.1 Funcrions

hd b

—

Let 4 and B be two non empty sets. Then a rule or a correspondence £
which associates to each element x € A, a unique element denoted by fix) of
B is called a function or a mapping from A to B and we write
f:A—>B

The element f{x) of B is called the image of ile x i
) age of x under fwhile x is called
image of f{x) under £ o
" In other words a relation f from a set 4 to a set B is said to be a function
i element of set 4 has one and only one image in set B.

2.2 Denain, Co-domain and Range of Funcrions :

_.n_wnanwmuan__ﬁ__nun;a_q_oss i
as the co-domain of /' The .ﬁ&omm__._ﬁ__.__mﬁ s e

Sl mﬁ.om elements of 4 is known as
ge set of 4 under f and
Thus, ) = () 5 ¢ 4] - fand is denoted by fi4),

range of
clearly id) ¢ B: x & A= n?ﬁ_aﬂmnﬂw f

2.7 Various TYPe of Funcrions

= Many one function : Lg
£ A Pt S A > B If tw
. of 4 have the same 'mage in B. Then £ 0 or more than two elements

c by = > - - " .
o__“m oné ,:__ug.n#._“.w_.......anna:_ ey H Mm”.“ 1 Bo many one. " -
m%. or an injection if gifg, . 88id to b one-

Thus f: A r.v_wwo.ﬁo:nﬂau

€ry element in B has
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Thus f: A — B is a surjection iff for cach b € B 3 a € A such that
fla) = b clearly, {is onto < range () = B = codomain f

m Into function : Let f: A — B if there exists even a single element in
B having no. preimage in A. Then fis said to be an into function

m Bijective Function :- 4 one-one and onto function is said to be
bijective. A bijective function is also known as a one to one
correspondence.

In other words, a function f: 4 — B is a bijective if (i) it is one-one
e ix) =) =>x=ypvyxyed
(ii) it is onto i.e. ¥ y € B, there exists x € A4 such that flx) = y.

m Constant function : Let /- 4 — B defined in such a way that all the
element in 4 have the same image in B. then f is said to be a constant
function.

® Identity function : Let A be a non empty set then the function I,
defined by I, : 4 = A : 1,(x) =x v x € 4 is called an identity function
on A. This is clearly a one-one onto function with domain A and range
A

m  Equal Function : Two functions fand g are said to be equal, written
as f = g if they have the same domain and they satisfy the condition
fix) = g(x) v x in domain of flor g)

2.4 Composite of funcrions & Inverrible Funcrion :

Let f: 4 = Band g : B = C be two function then composite of the

functions f and g denoted by gof is a function from 4 to C given by

 gof 1 A > C (gop) () = gIfw)]
' obviously gof is defined if i
range of / < domain of g.

CuIES

A function f: X — Y is set to be Invertible if another function g : Y — X exists
such that gof’= Iy, and fog = ly. Function g is called inverse of f and it is denoted
asf-l.
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A function / is invertible if
Note 1. gof is composite

G 2. gof is undefined if Ry N Dg = ¢ T gof
or R, c Dy

3. Dgy= Ua._:uw =R

4. Uu&_.h U...._Hmﬂ..... c ﬁh

5. In general D= {x € uHBn flx) € D}

6. The existence of fog and fog is independent of each other ; . it
exists then gof may or may not exist and vice versa. " o

7. In general gof # fog

8. (fog) oh = fo (goh) (Associative law)

9. Iff:R—> R, g: R — R then fog, gof, gog are all defined frop,

and only if it is one-one and onto,

of fand g whereas fog 1S cOmposite of o
Uy

is defined if wH

2
aﬁ:

10. If gof is one-one then / is one-one and if gof is onto then g __W.M__J_h
0,
2.5 Dinary Operations :
—
Definition. : An operation over a set is a rule which i
ments of the set. HIHCR combines any two g

Egs,oi_mgﬁmago_ﬁﬁﬁﬁuﬂ\:?%mm YV abey

2.6 Types of Binany Openarions

Let 4 be a non empty set and °O” be a binary operation defined on 4

(i) Associative binary operati :
v binary operation : The binary operation ‘o’ it
be assaciative, if (aobloc = ao(boc), v, e 0 onaset A is saidto

(ii) Commutative Binary operation : Theb

; .u_”noszg_p_wﬁa if aoh = hog vabe “Eu. i L
m i !
5 _u_wﬁe_& __uramzc%ﬁ_i Wr. to binary operation ; An element b € A is said
nverse Clement a of set 4 w.r.t the bi
bt gt Inary operation ‘o’
“””wim an identity element of ger 4
Uheorem 1 ;. p siai G e
ton 0 it e gy Tt lement of st 4 i
Proof _,.Eg._ﬂ unique, - WLt the binary opér
: 101€ Suppose there oy
wrt b iom trOTC EXiSt two identi
Now ¢ EMW oﬂnﬂ_o.: 0. dentity elements ¢  and e, of set
“v 1 and NM 15 —.H_.ND.EJ__. d—ﬂﬂgn Ow.s._.
Alsoe, 4 m_.o.muuw_umuam
2 Eﬁm_ 15 _ngna.a_ﬂzgﬂ _E -
0

o R .

FUNCTIONS AND BINARY OPERATIONS 19
= e0€ =e,=¢ 0¢e, ..(i)
e, =eo0e,=e, [using (i) and (ii)]

So, identity element of set A w.r.t "o’ is unique
Theorem 2 : Prove that inverse of an element a of set A w.rt. the associative
binary operation ‘o’ with identity element e is unique.

Proof : If possible suppose @ € A has two inverses b and b’

b is inverse of a wrt ‘o’ = aob = ¢ = boa (def) ....(1)
b’ is inverse of a w.rt ‘o’ = aob' = e = b'oa (def) ....(2)
Now, b = boe = ho (aoh") [using (2)]
= (boa) ob' [+ ‘0" is associative]
. = eob’ [using (1)}

" i

The inverse of a is unique.
Examples of Binary Operations :
(i) Addition is a binary operation on the sets N, Z, O, R, C
N = Set of natural number
Z = Set of integers
0O = Set of all rational numbers
R = Set of all real numbers
C = Set of all complex numbers
Reason, leta, b e N
Thena+b e N
Thus addition is a binary operation on N, Z, Q, R, C each. Hence N, Z, Q, R.C
each is clgsed w.rt. addition operation “+'.
(ii) Subtiaction is not a binary operation on N, because 3,7 € Nbut3-7 & N.
(iii) Subtraction is a binary operation on Z, Q. R, C cach.
(iv) Multiplication is a binary operation on N, Z, Q, R, C each
(v)-Division is a binary operation on Q -{0}, R -{0}
(vi) Division is not a binary operationon N, Z, O, R, C.

IlusTrative Examples

B Example 1. Let A and B be two sets, show that f : A X B —
B % A such that fla, b) = (b, a) is a bijective function

Sol. Injective ie. one-one

Let (a,, b)) and (a, by) € 4 * B such that

flay, by) = flay b))

flay, by) = fay b))

(by, a)) = (by, @3) = by =byand a; = a,

(ay, by) = (a3 b))

10
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N@ B mvt__,.:.nm
) (a, b
Aay, by) = flay b) = (@) by) = @2 8 ¥V €0 k50 Sy
Hence £ is an injective map i [ is one-on¢
Surjective i.c. onto : y
Let (b, a) be any arbitrary element of 5 *
. beBandaed = (@abedxB
m¢<a.n.,.mmfrm_a.smmxmm._%__ﬁhn.si?&
»» f:A— B B xAis an onto function.
Hence f is a bijective function i.c. bijection. :
O Example 2 Let A = R - {2} and B = R - {1} _....:mi:f:
=1 B st o
mapping defined by flx) = W show that f is bijective
Sol. Injectivity : Let x, y be any two clements of 4
-1 y-l
M=t = =53
2E-D0-)=x-2(¢-1
”UQI-.—..IMH.TM"QIHIM._‘-TM = H“v_.
Tusf)=fo) = x=y yry ed s0, [is an injective map,

Surjectivity : Let y be an arbitrary element of B, then fix) = y = X_!

—

x=2 7
= r-l=yx-2) > Hn__Je.
-
clearly -
I-y mﬂﬁ._bnﬂz_uon{%ﬂ_
Also - _..N.v_
1-y *2foranyy,
?m_.sns_s_ﬂ.mm";g
ﬂg 1 B .r—.nmﬂ 1= D-.E._u_.ﬂ_u
wam_ﬁ_auaamm:_im_a:% '8 wrong. Thus every
1-2y
X = —22 =
1=y ad ffx) = ﬁ_ﬂw&
1-2 %
ey
= mmllll * “u.w..
@ surjective may, 1<y ™2 " I S¥ysofis
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" @ Example 3. Determine which of the following function f : R —> R
are (a) one to one (b) onto

(i) fix) = x + 1 (ii) flx) =

" 1 if x—is rational
(i) fx) = | + e *L if x- imational
Note : For onto functions range (f) = co-domain (f)
Sol. (i) fix) =x + 1
(a) Imjectivity i.e. onc to one
Let x and y be two arbitrary elements of domain
(N=Rsachthat =flx) =) =>x+1=y+1 =>x=y
- fis one-one function.
(b) subjectivity ie onto
Let y be an element of co-domain (f) = R
Nowy=flx)=x+1 = x=y-1€eR
Y y € co domain (f) = R 3
x =y - 1 in domain (f) = R such that
) =fy-ND=0@-1+1
fx) =y
Hence f: R — R is an onto function,
(i) flx) = =3
(a) Injectivity ie one to one
Let x, y be two arbitrary elements of R = domain (f) such that
Jo) =fy) = B=pP=x=y
o fis one-one function
(b) Subjectivity ic onto
Let y be any element of co-domain (f) = R
Now HH.__.nHv“k.uﬂvHHw.—__.w
v ¥ € codomain (f) =R 3
x =y'3 in domain f= R such that
HHH_.. H.‘_ﬁv._a.u.v = Cu,.ju

fx) =y [from (1)}

Hence /@ R —» R is an onto function
x+x=2x if x20
-x+x=0 if x<0

(i) Ky w *

Note that by Def.
|x| = x when x > 0
|x| = —x when x < 0

1l
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(a) Injectivity i.c. one one _ =
Let x and y be any two negative elements of domain (f) = R
uMHH.”_ = _.... NH—....— a‘_\- = n..—
fix) = fiy) and x#)
Hence f is not one-one function
(b) Surjectivity : i.e. onto

: o if 20
H.E_._._.H: .w.u.___.én ,....__..\.H,.\._._”_

Clearly range (f) = set of all non-negative real numbers
_..éuw#aw@ﬂ.wvs
Range (f) C co-domain () i.c. R h
Range (/) # co-domain (f)
Hence 1 is not onto
(v _ ] 1 if xis rational
=y =7 if xis irational
(a) Injectivity ie one-one
H..s ¥, ¥ be any two rational elements of domain (/)
—.. lﬂﬂ.ﬂv = _.\\c\.v =]
“n. ' Six) =f) and x # y
~ fis not one-one
(b) Surjectivity ie onto
Here Ran =
" maE__m_M h_@ F._W g __N_ “ o 5 Soain () ence 3 not kg
: : ] £ # :
= {1, 11, 1) be function defiaeg ., 1y * 59 and g : (3, 4, 5, 9)

: - d ned as f12) = 3 =

an mﬂeﬁ 2(4) =7 ang 8(5) = g(9) = ﬁ__ ﬁ:.m_mw.w. . -
. Here w.wu {3, 4, 5) nn_m = gofis defi

we have gof (2) = £lA2)] = r

897 (4) = glfid) = g5 = 1 #3) =7 20/ 3) = g(A3)) = o(a) =
¢ =11 b g4 =7

&r=1@2,1, 3,7 @ 1) s J_.“ 80/ (5) = gf (5) = g5)= 11,

® Example 5. If fly) - 2, )

x4
fog and gof are pot equal, *H and gix) = gip 4 then show that

&l e
mnct__.uoubwu hsu“_rmEua+m§H+_

Basic Zﬁ:mfy
&

FuncTions AND BINARY OPERATIONS Nw

3
Ry~ Dy = Tﬂw #¢ = gofis defined
goflx) =glfl)] =glx* +x+ 1) =sin(x2 +x + 1)
”—H..\n_u_h = U.Na = U..-_.H R
Clearly fog # gof
@ Example 6. Iff: R = R, f(x) = x2 then find the
(i) range of f
(i) {x|flx)=4}
@iii) v | f 00 =-1}
Sol. (i) Range of f = {x € R/0 <x < w} Ans,
@ii) {x|f(x)=4}
fl=+
whenx=2, A2)=22=4
whenx=-2, -2)=(-2%) =4
& (2,-2) Ans,
@) {y|f 0)=-1}
¢ J)=x
= fom=y
There is no value of y for which f{y) is -1
Hence result is ¢
B Example 7. Let A = {2, -1,0,1,2} and the function f: A — R is defined
by f(x) = x + 1 find the range of f.
Sol. Here A={-2-1,0,1,2} and flx) =22 + |
where x=-2 f-2) =(-22+1=5
x==1 fi-1) =(-12+1=2

when x =0 fO=02+1=1,
whenx =1 fy=(1r+1=2
when x =2 f(2)=4+1=5

Hence range of fare = {1, 2, 5} Ans.

B Example 8. Let A= {-2-1,0,1,2} and f: A — Z, where f(x) =22 - 2x

— 3 then find

(i) range of f (ii) the pre images of 6, — 3 and 5

Sol. We are given that A = {-2, -1, 0, 1, 2} and function

f:A = Z where fix) = x2 - 2x -3

)  fED=(2P-2(-2)-3=4+4-3=5
fED=E1R-2¢1)F3=1+2-3=0
fO) =©0PF-20)-3=-3,
F)=(1P-A)-3=1-2-3=-4

mmme e B R - PO S S L L - e et
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@ =@ -2)-3=4-4-3=-3
off={-4,-3, 0, 5} :

(i) m”ﬂmnﬁ%ewzwaﬁnﬁmaigiﬁagﬁ_ssﬁ ?sas
pre image of 6 will not exist.
Let per i f -3 be x, then fix) = -3

per image o ! nmtwlun-unm-Wnc

=x(xr-2)=0x=0,2

Similarly pre image of 5 is -2.
Hence pre image of 6, -3 and 5 are ¢, {0, -2}, +2
O Example 9. If f: R — R where f (x) = & find :
(a) The f- image of R
() vl fm=1}
WV_ _ﬂﬂ,é =f @) f () true ?
ol. (a u_.w_:ﬂ_cm_gaawamaamﬂﬁ&ﬁ_ﬁ_::u._vo_.._P_momo_.E...

tive real H . : ¥
ﬂczu. :cmb..w__”—_wmw_. M_Ha._n_.m exist an element by x in R (domain) such that
<. fimage of R or range of fis R* Ans.
(b) fo)=e=1
= &=e’=y=

Dify) = 1} = {0}
{c) - L‘,_H.....T.E_ Hm.u+.<i_,q_.ﬁ.fmh
=& =1(x). 1)

i .hﬂh..w—v";ﬁﬁﬂu.nu_‘c;u.mg
8 Example 10, If f: g+ =
positive real E_Em..oa. ﬁ:.ﬂ.”_ms_rn_.n..m () = log x, where R* is the set of

(a) f(RY)
©Is flx, )= fv) +£ () true q?_ v1S0) =2

' X) =
z.O.S__n.OHD.—_ Hma-_ﬂmﬂ'_‘m.Vu _GMH
SY=logx= x=gr

,. - range of f(y)=
M_v__ Pl )=R Ans,
or logy=-3

: iRy e

)=2) = fe2
(iii) Here  f(x) = log (x) = ..HME_H 1
therefore flx. y) = _oﬁn.su_omi =
o log y

FuncTIONS AND BINARY OPERATIONS N m

x?

o Example 11. If f u:h.
1+x

R). Determine the range of f.
Sol. Here fis a function from R to R defined by

%

L.um L be a function from R into R (R to

¥=iix) = 3 i)
Here v is defined v real x |
From () (1 +32) =22 or »2(1-y)=y _
2= & orx=x% :.n...s .o (ii)

Since x is real = % >0 & 0<y<1

Hence range = (0, 1)

o Example 12, If ¢ = {(1,1), (2,3), (3,5), (4,7)} a function ? If g is repre-

sented formula g(x) = ax + f, Find the value of @ and p. -

Sol. According to question |
g ={(1,1),(2,3).(3,5,4M} |

Here g is function because the images of 1, 2, 3, 4 are respectively equal to 1, 3,

5, 7 which shows that every element has one image. Hence it is function.

Now g(1)=1,g(2)=3, g(3)=4,g(5)=7

fromg (x) =ax+p

g)=a. 1+p =a+p=1 i)
g =a2+P=2a+p =3 i)
Subtracting (i) from (ii) we get

2a-a=3-1=a=2 f
Now substituting the value of a = 2 in (i) we get _
2+p=1= p=-1 _ _
Hence a=2 PB=-1Ans _
O Example. 13. Classify the following function as one-one, many one i
into or onto give reasons.
(@) f:020fx)=3x+T7
i) f: R— [FL1), f(x) =sinx (iii) f: N Z flx)=|x]|
Sol. (i) Let x, x, € O such that x| # x, then
Xy #F Xy
3x) # 3xy
3x, +T#3xy+7
...‘_“H_uﬂg.__.aﬂmu

L4l
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Henee £ is one-one )

Again ﬁ@m 0 (co-domain) if possible let its pre 1Image ;nnﬁw_uanwﬂ_?_
=y= 3ty r= S5 Nowify € Q then it is necessary that ==
Hence f is onto. Hence f is one-onc onto.

(i) f:R-[-1,1),f x)=sinx

Letx,ye R then A=A

= sin x = sin y

= x=m+(-1)"ywheren € z

Hence, function is not one-one i.¢. many one again, we know that -1 <sinxq

fR)={xFl<x<1} 3

Hence fiIR)#=R

Hence the function is into

Hence fis many one into function

(i) f:Noz f&=x|

We see that x) = x + iy and x, = x - iy (y # 0) are diff
s X, iy (v # 0) erent elements of the

L‘.ﬁh_l._"—..ﬂ.-.q_ﬂ .;Hw+.v.u.
L:Huvﬂrnl_v__n Hn+hrv._u”.

=4 ..m_
= fle)=/(x)
Thus two different el :
a many one function clements of the domain of fhave the same image hence s
}Wﬁuh-wm.ﬂmﬂaﬁ“u" n_k‘_.Nm.z._.|N+
. — Q y
g U {0} * R (codomain)
5 m:BB_H is many one into function
functions. Defined from A tg m. n..“ *cﬂ_ B then tel) which of the following

() f ()= €-0ne, onto or one-one onto.
3 (ii) g (x) =
(iii) & (x) = 12 |x |
ms..a.....-wu DI x, ye 4 theg ™) k()= sin'p
- ELp 7= fo)

M N ”vh.“.“r_
Hence f is one-one

Again range of f= fi4)= m_ami

FuNcTioNs AND BINARY OPERATIONS

27

=] —
= *_H_Mm nmmew (Co domain)
~ fis not onto
Therefore fis one-one into function
Solution : (ii) g (x) =|x|
Function g is not injective (ie. one-one into) because the image of two different
elements of A may have the same g image in B. For example W o

3 e A are such

| | | -1
two elements a5 _..E”mhmH uwhtwlu nw
" Again | x | is always non negative real number hence the range
g=gld)={lx|xed}
={x|0<x<1} # B (Codomain)
the function g is not surjective (or onto)
Hence, the function g is not surjective (or onto)
Hence the function g is injective but not surjective
(i11) Function h is not one-one because two different elements in A may have
equal h images.

2 eadeFunll)n ()
For example : 33 mh.mﬂln.._...__ﬂw 3 =hi| = =
Also.x? will always be positive real number because x is a real number, conse-

quently

h(A) = {x*x € A} = {x| 0 <x < 1} # B (Co-domain)
-, function £ is not onto
Hence the function / is neither one-one nor onto.
(iv) k(x)=sinmx
Here - 1, 1 € A are two numbers such that - 1 # |
But k(- 1)=sin(-m)=-sinnw=0and k (1)=sinn=10
5 1,1 € Awhere—1#1butk(-1)=k1)
Hence function k is many one
But range of k = k(4) = k (4) = {sinmx | x € A}
= {(x|- 1 £x < 1)} = B (Codomain)
Hence k is many one onto function.
o Example 15. Give an example of each of the following types of func-
tions

14
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(i) One-one into function (i) Many one onto function

(iii) Onto but mot one-one  (iv) One one E._u_.a il

(v) Neither one-one nor onto  (vi) One-one on g

Solutio : (i) One-one into function : The functions /- A —Bis mnm_nmﬂawm
one into mapping if distinct elements in A have distinct f images In B :
least one element in B. Which is not f image of any element in the set 4.

Hence f: A —» B is one-one into iff a # b = fla) # fib) a, b mhmb_u._.?_—._ﬂm

Example : If A = {3, 5, 7} and B= {4, 9, 16,25, 36, 49, 64} and function : 4 =
B be defined such that f{x) = x* then under the function

f(3) =32 =9 f(5)=52=25

f(7) =72 =49 this is one-one into mapping since distinct
element of A have distinct image in B and the elements 4, 16, 36, 64 are in B. Which
are not an image of any element in 4.

(i) Many one onto function : The mapping /= 4 — B is said to be ‘many one
ontd’ if fla,) = fla) even if a; # a, ay, a, € A and there is no element in B which
is not an image of an element in A,

Example : If 4= {-2,2, -1, 1} and B = {4, 7} then the function /: 4 — B is
defined by fix) = x% + 3 is many one onto, see now.

Here A-2) =(-2P+3=T7,/-2)=22+3=7

A-1) =(-12+3=4 fi+)=12+3=4

Therefore this mapping is many one onto because here the image of the ele-
ment 2 and -2 of A is 7 in B and the image of the elements -1 and | of 4 is 4 in B and
there is no element in B which is not an image of an element of 4. ™

(iii) Onto but not one-one : For onto function the co-domain and range are
same

Letd={-1,1,3},B={2, 1,0} and let/: 4 — Bbe defined by x) =x2 + 1 then

A-D=C1P+1=2, ()=12+1=2,/3)=32+1=10

fid) =B

H._unEﬂnﬂ.mmcgwﬁ?niugﬁgaﬁgnéﬂﬁucgn_gaﬁm
_E..,n.ﬁ_._o.mmgn:.__mmoim. But -1 and 1 of 4 _ﬂ_._ﬁﬂanw:wwﬂmi..w_ Hence
function is not one-one hence function is onto but not one-one,

{iv) One-one but not onto :

fizoz,fix) =2x+7

Let x, y € z then fix) = fly)

.= L+ T=l+T = muﬂuwﬂ.auw
Hence f i1s one-one,

E_ﬂ.ﬁmN..u.uaw_EnLﬂH_KEnﬁ_drduwnowv_m_nu_m.&nv_

= N_H.-Tu_. “‘.w_. orx= .|-||.V—|u.q
2

.._uczo.:ozm AND BiNARY OPERATIONS Nﬁ

; : y-=7 .
If v is an integer then "5 s not necessarily an integer.

Hence the pre image of every element of z {codomain) does not exist in z hence
fis not onto.

Hence fis one-one but not onto.

(v) Neither one-one nor onto : Let /: R — R be the function defined by flx)
=sinx ¥ x € R. Since for different values of x € R, we can have the same value
of flx) i.e. of sin x and for 'y x & R, f{x) = sin x has the values in the closed interval
[<1, 1] so, fis neither one-one nor onto,

(vi) One-one onto or bijective : LetA =1, 2] and B = [I,4]andf: A - Bis
defined by fix) = x% v x € A then f'is onc-one and onto therefore fis bijective.

@ Example 16. Prove that the function f: R — R defined by f (x) = cos x

is many one into function. Modify the domain and codomain of f such
that f becomes.

(i) One-one into

(iii)One-one onto

Sol. Here we are given that f: R — R, f(x) =cosx

Since -1 < cosx <1V x € Rand cos x takes every value between —1 and 1
for some x € R,

Hence we conclude that the image set of R under /= f{R) = {x € R-1 <x < 1}
=11

Again the image set of R under f is not equal to codomain R of /. Hence the
function is not onto i¢. into.

(ii) Many one onto

Let fix) == = cosx=

n

w.;m—h_.

fx/x & R fix) u_M* = {2nm
Iﬂnsﬁmﬂnﬁw is the fimage of many elements of R. Hence fis many one
into function.
MNow we have to change domain of {in such way that f/ become
(i) One-one into : If function be defined in £ [0, =] — R then for any two
values of domain [0, =] there is no image in R. Therefore
fxy) =fxy), xy, %, € [0, n]

.ﬂaﬂ_“ﬂ.ﬂmhﬂu = H.._“MM.

15
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= fis one-one and for its codomain R. ENEEMHWQ__._I
(i) Many one onto : If function be defined in /-
cosx <1

hmﬁnﬁﬁgﬂnomhﬁnnq?mTr.: B
which is equal to its codomain. _.mnabn\._mgsuh___mn_.&nnogﬁn

already proved that it is many one. .
(iii) One-one onto : If function be defined in
7710, 7] - R then fix;) = flxy) x;, %, € [0, !
= COsX), =COSX, = X} =X
I«:ﬁ%_maﬂ.ﬁaccnﬁmgg&ﬁn_mn& |
under fis [~1, 1] which is equal to its codomain. Hence is onto.
onto

proved that it is into,
1, 1] then since -1=<

x < | again the image set of R
Hence fis onc-one

B Example 17. If N = {1234,....}, 0 = {1,357,....} E = {2,4,6,8,.....}
and f , f; are functions
f[:N-0, fix)=2x-1
f:N=2E, f,(0=2%
prove that f; and f; are one-one onto.
Solution : Case 1 : Here f{:N—0,f; (x)=2x- 1
where N={1,2,3,4....} and0={1,3,5,7, ...}
One-one function : Let flx;) = flx;), x|, x, € N
= y-l=25-1 = =25 = x5 =X
- fis one-one
Onto function : Let y € O be an clement in set O whose pre image x € N.

thenfix)=2%x-l=y = x= ﬁ

Here we see that for every value of y (in 0) 3 a value x in NV ie. the pre image
of each element of O (Codomain) exists in the codomain of V.

Hence f1s onto

Case Il Here f; : N = E, fo(x) = 2x

where N={1,2,3,4} andE= {2, 4, 6, 8}

For one-one function let x,, x, € N

i .
4 Iy = =% o=
fis one-one 2 Sit) = folx)
For onto function
Let y € E be an element, if possible, let the pre.;
¥ Pre-ima F
then L.\NAHH.HNHH._.UU.«H.EM mnam,f_unun—?_.

Iﬁ.nﬁﬁmgnﬁnaqﬂeﬁq _._.n__.._n.c._.-.”__:..__. E 3
of every element of the oﬁgmgaiﬁounu value x
Thus f; : N — E is one one onto function_

Uexin N ic. the pre image
L Im_..nn._m i§ onto.

FUNCTIONS AND BINARY OPERATIONS 31

o Example 18.If a function f is defined from the set K of real numbers to
R as follows classify j as one-one many into or onto give reason.
(i) fE@=x @@fE)=2(Gi)f)=23+3 (vflx)=2x-x
Sol. (i) Since f: R — R, is defined f(x) = »2
then /1(4) = {2, -2}
because 4 is the image of both 2 and -2
Hence the finction fis not one-one it is many one since there is not element in
R. Whose square is —4 therefore f! (~4) = ¢. The range of f'is the set of all non
negative real number. Therefore we cannot find elements in R. Whose square is
negative real number. Hence f is not onto.
Hence /: R — R is many one into function
i) F:R—=R, fx)=2x
If x;, x, € R such that x; # x, then x) #x,
= d2x? = fi) #Ax)
.. The function f'is one-one
Let y € R then y'3 € R and we have
1B =(y1BP =y
-~ fis onto.
Hence f is one-one and onto ie bijective.
(iii) Let x, y € R then
f) == +3 =p+3=8 =) = x=y
Hence f'is one one
Again let y € R (co domain)
If possible let x be the pre image of y. Then
fy=y=x3+3=y=>x=(p-3)3er
Hence the pre image of every element of R (Co-domain) exists in R (domain)
hence fis onto. -
(iv) Letx, y € R then
f=fy) =2 -x =y -y
=  @-P-k-»)=0
= (- +xyp+)-1=0
eitherx=y or2+xy+)2=1=0
Hence function fis many one
Again we see that y € R (codomain). If possible let x be the pre image of y
under /. Then flx) =y
= P-x=y=> B-x-y=0
This equation has at least one real root therefore pre image of each element of
codomain R exists in the domain K. Hence function is onto.
Hence [ is many one onto.
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H.—.w. HM.UU.._ .Hh..N”—...“.... 8=
O Example 19. If 4 = {1,234} and \_E_uam.__%w% on A. Find
10,3), 1), 32), @4 ar two el
G) fog i) go f (i)
@ fog ()= lgM=/ O
i g (1)= 3
Hﬂa @=7lg@=/ 1
g (2)=2
MNN G)=f g@=/ O
fog (3)=1
and fog @)=/ g =/
: (4)=2
= fog={(1,3),(2,2), 3, 1), (4, D)} Ans.
(ii) gof (=g [F()) =g (2)
gof (1)=1
gof Q=g F@1=g (1)
gof (2)=3
gof 3)=g FGN=g (3
gof (3)=2
and gof d)=g F@] =g ()
gof () =1
gof={(1,1),(2,3),(3,2), (4, 1)} Ans.
(iii) Sof M= fIFMl=r 2
fof (=1
ff=f F@=r ()
Jfof (2)=2
fof 3)=1 [f@N=s 3
fof (3)=3
Pf @=f [f# =1 )
Jof (4)=1
fof={(1,1),(2,2),3,3), (4, 1)} Ans
O Example 20.If f: R - R : -
ﬁnu__u..__.__.:ﬁ“ h—»: find A..ﬂ.an”. (%) Eﬂﬂwﬂmﬂﬂ x are two functions defined as
(i )=2x+3, g (x) =2 +1 @) £(x)= 24
(i) f (x) = MIHH 1E(xX) = mml (iv) f(x) | Mu.«m =
5= x =xt+ I
WS =xCe-1), g (@) =x (x4 ) W+, (x)=(2¢-)

(vi) ?Tu:.usurw_l_
x° 4

FUNCTIONS AND BINARY OPERATIONS

Sol. (i) From the definition of the functions fand g it is obvious that gof:R—>

R can be defined
M (gof) (x) = glfix))
=g(2x+3)=(2x+32+]
=42+ 12x+9+ |
=4x2 4 12¢+ 10
(fog) (x) = flg(x)]
=2+ 1]1=2(2+ 1) +3=22+2+3=22+5 Ans.
(i) FE=2+8, g(x)=33+1
Jog (x) =1 [g ()]
=f [3+1]
’ =33+ 1)7+8
=0x0+63+1+8 =06+ 6340
gof (x) =g [f()]
=g [¥+3]
=3(2+8P+1
=3 [x0+ 246" + 19222 +512] +
=38+ 7264 + 576x2 + 1536 + 1
=30+ 72¢* + 576x2 + 1537 Ans.

1

S 6= 37, g@=
fog (x) =1 [g W)
1
el =l
1 l+x
= b T A+ x0)-1
x+1
x+1 1+ x

Vog)®) = 321 = 2xm1
gof(x) =g [fx)]

(V) f (=22 +3x+1, g(@)= (2x-3)
Jog (x) =f [g )]

17
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=f [(2x-3)) =(2x-3P+3(2x-3)+]
uﬁuu_uu+a+mnum+p
=42 - 6x+ 1 .
gof (x) =g|[f(x)
: nw_ﬁ+wu+:uuﬁm+wh+:_nu
=22+6x+2-3
=22+ fix— 1 Ans.
® @ =xe-n, g@W=xG+D
Jog (x) =f[g@)]= flx(x+1)]
= [x(x+ 1)} [x(x+1)-1] 2
=2 +x] [(2+x)-1]= (2 +xP - (F +x)
=42+ 23-2-x o (C+x) (P +x-1)An;s
gof (¥) =g [f ()]
=gx(x-1]={x(x- 1)} [xx- 1)+ 1]
=(2-xP[02-x)+ 1] =2 -2 + (2 - x)
H....h+hhl~ﬂm+hmrh
C =(2-x) (P-x+1) Ans.

M) T fR) =x+7,g(@) = N_
; *+]

]
1 1472 47

+ T
x4 2+

” .__.uu+w
(x? +1)
and  gof (x) =g [f ()]
=gk+7]
1

(x+7)% +1

uu+_¢+$+_ ) hu+z,,..+w.a
8 Example 21. _m;\"ale Fiy=y2y 1
find (gof)(x) 2 ERSR sm=¢
Sol. Here we have
SRR fy=ay 1

¥l

fog @) =1 EETL . %

Ans,

FUNCTIONS AND BINARY OPERATIONS 35

and g: R >R, g(x)=¢
: (gof )x) = g [F (x)]

=g _Huu._.l_ulu—

T4 — i ;
=g nhu “hhl....uju - mﬂu.&hu ..P-..u_.
A i+x x+x?
B8 Example 22. If f (x) = log = and g (x) = e find (fog) (x).
3
Sol.  Here we have fix) = log ”.‘q...”_ glx)= HHM“.H
3+ x’
(fog) (=1 1g ()] ;_;L
p+u..n.+uw
" 1+ 3x?
fog fx) =kg T
14 32
14+3x% 4 3x4 27
U\_om*_.-mmuuuu-uu#
_ (x+1)° i Huliuu
Ba—n® l-x
: ﬁ_hu
=3log T

B Example 23.If f: R* 9 R*,f(x)=x?andg:R* > R*, g (x)= Jx
then find gof and fog are they equal functions.
Sol. Herewehave f:R" = R, g(x)= Jx
gof (x) =g [f ()]
=g (= [T =x
and fog (x) =f [g(x)]
7(48)= (" =

: gof (x) = fog (x) = (x)
Hence they are equal functions.

0 Example 24. If f: A = Band g : B— C be two such functions that (go

f): A— Cis defined, then proved that

R e T T
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() If gof is one-one then g is 815 anesg
(ii) If gof is one one then f is als0 ”_n_...___._.m onto
(i) If gof is onto and g is one-one t : be defined fro
Sol. (i) /: 4 — Bandg: B— C then function 82/ €21 g
Atoset Cie. (go) 4= C o i
(i) If gof is bijection then g is also _u.au&cwrmﬁx is bijection means, every g},
ment of C is gof image of some clement OF £ :
i letx e Aand y e C then ?Bn___n_asﬂnnﬁg.nﬁﬁﬂ least one elemey,
in y € C such that

(gof) (x) =y
= glfel =y

i.e. for each y there correspond f{x) present in B hence pre image of every

element of C is in B.

Hence function g : 8 — C is onto

(i) If gof is one-one then fis also one-one

Let x;, x, are two elements in A be such that

gof (x) = (gof) (xy)
then goflx,) =goflx,) = glfx))] = glfixy)]

= fl)=/(x) [-: & is one one]
= 5= [+ fis one one]

Hence function f is one-one. If gof is one-one.

(iii) If gof'is onto and g is one-one then fis onto

Em&.musﬂnm.n.ﬁagawgngowﬁ_wahgwmmg?ﬁaﬁ.

:- g HH—V Hhﬁkﬂv“ HTHM_ € W
= X =X
and gof (x) =y, YeC,xed

= glfxl =y
Let g {f (x))} =y and g {f (x))} = y,,
According to question
Y1 =0
H._..a: u.,.ﬁ#u”_
Emnmﬂhﬁwoqwnwgnnﬁﬂc“uﬂ“%nﬂgawgnﬁnﬂ B SN
of B will in 4. Hence fis onto, Y- ﬂﬁmowﬁa?ismoomnﬁa.n—qaﬁ

O Example 25, _-.H"xlw?..:kvuuu

EEL‘.@NHN&\.HHN,,
Sol. Hence f: R — R, fix)=2¢_1

Sandg:R 4R gy = .”ur.m_
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and w“hlwm.mﬁanmw[u

(fog) (x)=1 [g (x)]

x+3 x+3
u.___.mlu|uuu. hqwnuna+u|muh

Also (gof) (x)=g [fix)]
=g [2x-3]
_ 2x=3+3 -

Ip=1Ig(x)=x
gof (x)=fog (x) =Ip(x) =x
Hence gof = fog = I, Hence proved
= Example 26. For which of the following functions, the inverse func-
tion exists 7 Give reasons :
(i frtR2R flx)=¢ (i) g:Ro R gx)=|x|
Giiyh : [0, 7] = [F1, 1L, h (x) =cosx  (iv) $:0— Q, ¢ (x)=x"-1
Sol. (i) fR—>R,f(x)=¢
Here fix) =e* =y
= x=logy
Correspond to every value of x, y will be positive. Therefore image set of R
under = f(R)

={xe R}

Again image set of R under fis not equivalent to codomain R of /. Hence fis not
onto.
Hence inverse function of f doesn’t exist.
(i) g: R R gx)=|x|
Correspond to every value of x, y will be positive therefore image set of R under
f=AR)

f=F

Again image set of R under fis not equivalent to codomain R of f. Hence fis not
onto.

Hence inverse function of f does not exist.

(iii) & : [0, =] = [-1, 1], h(x) = cos x

Here h(x) = cos x
If h(x,) = hix,)

=5 C0S X; =008 Xy = X} =X
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Hence 4 is one-one
We know that -1 <cosx < 1 .
Again image set [1, 1] of x under /1 is
onto.
Hence inverse function of /i exist.
V)  ¢:0-0¢@m@=x-1
Let xx, €Q

dlx;) = d(x2)

= H_w|_uaww|_ Uu_uunuu = n=5

oquivalent to codomain of A Hence

Hence ¢ is one one

Again let dlx)=y

p(x)=2>-1=y

= H=p+l

= x=(y+ )13

i.e. correspond to every of y the value of x lie in {J is not necessary.

For example there is no such value of x in  for which x* - 1 = 1, Hence ¢ is not
onto

Hence inverse function ¢ does not exist.

B Example 27. Find f! (if it exist) when /' : A — B, where

() A=1{0,-1,-3,2), B=(-9,-30,6), f(x)=3x

(i)4=11,3,5,7, 9, B=1{0,1,9, 25,49, 81}, f (x) =x2

EminTma‘pmmamﬁ_murm R|-1<x<1},f(x) = sin x
(ivA=B=R, f(x) =
Sol. (i) Here we have f: 4 — B
& By
\g.”ﬁpl_..rwwmn.ﬂgh“ IWI

s {-9, 3,0,6},

f(0) =0

fi-1)=-3

A-3)=-9

A2) =6
Here forallx € A fix) e B
. n_‘ﬁ.ll_..nh_u _”_".__..l —u.lw i
. I =10,0,C3 Ly 2@ 6
(ii) Here au_HL,Mq_E_ B=
LieS fo=R<, ' P=10,1,9,25 49 g1y
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= 2=flp)andx=2% [y
= o=y = f1(0)=0¢4

ie. O=yeBButf'()=f'(0)=0e4
Hence ! does not exist.

(i) A= Tmmémammw_mu?m R|- 1< x<1}

2 2
and f (x) = sin x
+ f:A— Bandflx) =sinx
Let @)=y
M)=x
= siny=x
— 8 y=sin!
flx)=sin"lx
(iviA=B=R. fix)=x
let y=flx) = x=fl@pandy=x
= syl . = fle)=y'B
— .ur_ _”HvHH:.w
and fis one-one onto. Therefore /! exist and ! (x) = x!7.
® Example 28. If f: R- {-1} > R- {-1}, f (x) = w.H|_ prove that fis a

bijection. Also find f1. _
Sol. If x, y € R-{-1} then fix) = Aly)
..

x+1  y+l
= x(y+1)=Wx+1) = xy+tx=;x+y=x=y
Hence fis one one whose pre image inx € R - {-1}

Again let there exist an element y € R — {-1}

then fxy=y
x
= HHE = X=xy+y
= M-p=y = x=i=
¥y

For each value of y then correspond a value x except y = 1 i.e.

Pre image of every element of the codomain R —{~1} exist in the domain R~{-1}
- fis onto

Hence function f is one-one onto

If fimage of x is y then

20
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A

WD

. & fix) =y
flo) == g
|H| = = ._Hulu—ln_f_
= y
x+ RN
Agin  f10) = = S
= lx) S

-X

x+1

® Example 29. If fix) = e _. x # -1, 1 then prove __uun.\.a._‘r- §

identity function.
x=1

Sol. In_.nia_.ﬁcnhavunlﬂ_. x#-1,1
To find fof 1=1
Here the given function fis E._,en:éma_.ﬁ inverse exist
=1
Let RE_ wﬂl
= =l=px+1l) = x-1=yx+y
Tl aldﬁ_g = x(l-y)=1+y
1+ y
= N7 | mens——
L=y

If / image of y is x then /! will be defined as follows,
rto)=x < fx)=y

x-1 1+ y
x+F = an_f..|.v.4
Again fl=r = a_@-"urlw
o
14 x
|
5 i G W ] )
Now Sof ' )= 11 () —.._PL
l-x
14 x
| I
1=z
Iy
Toneid
LLILY 2x
__.:— o W —

mczn.:az_m AND BINARY OPERATIONS

LR R 5 TR R R L A0 T v
Therefore fof ! (x) = x = 1(x)
Hence fof ! is the identity function.
® Example 30. If A= (1,234}, B= (3579}, C= {7,23,47,79) and [iA

=B, f(x)=2x+1;8: B C, g (x) = x2~2 then 1
_Enﬁa_.oz_u.ﬁ__i: Cha g g T B

Sol. Here we are given that
A={1,2,34), B=1{3,51,9}, n.I_q 23,4779}

N T S R L R E&g

For f:

S:A>B, fixFE2+1, yxed
zoinngnuﬁwﬂv«qm_cnomua_ 2,3, 4inflx)=2¢c+1 ot
when x =] fix) =f1) 3 e B 3 G
when x=2 fi2) =2x2+1=5 ¢ B
when x=3 f3) =2x3+1=7 ¢ B _ Wi e
when x=4 fld) =224+ 1=9 ¢ B it
; [=UL325.6,1,6,9 .G
zggﬁaﬂniomsﬁﬂgn_uuqavlh :

\.—&oggagﬁggﬂuﬂ&n&is;g\
15 onc-one. This way : / .mnv_w_-ﬂoﬂsnﬂnggg
function /! : B —» A will exist then

£1= 1630 6,2,0, 3 0,4) ._.._3

will be one-one onto.
—u_n:._w i ¢ FhoE
Given that g : B - C, g(x) = uu...ut_.a.._unu i
Now substituting the value of x = 3,5, 7, 9 in g(x)
gx)=x2-2
when x=3 then g(3)=32-2 =17 e C
when x=5 then g(5)=52-2 =23 e« C
when x=7 then g()=72-2 =47 ¢ C
when x=9 then g(9)=92-2 = 79 & (
£=1(3,7),(5,23),(7,47), 09,
“ range of g = set of second clements = (7, 23, 47, 79} =
g is onto since first element of no two ordered pairs are |
Therefore g is one-one. This way g : H < (' is one-one
function of g
e g C o Bwill oxist
i g = 1(7,3)(23,5) (@7, ._.:qo.
Will also be one-one onto E_.a_-o.._
Clearly the composite function of two bijections i -_-n
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BasIC vr._.mmﬁjg

e iNVErse function
- gof:A —C isalsoa bijection and then 1tS
(gof)y 1 —»Awill exist.
Haw o) =) g
i (gof)(1) = gl H%H_ "
(go(2) = glA2)] H e
nw.a.___u_nu”. - .w—..AuW“ 1M$ g
4) = g4 =
Ga.awﬂsw = m_. 7,(2,23), 3 47), (4,79}
@HdY 0

gor! ={(0, (23,2, C1.7 -
zﬁ,_...m-_mlhgnw_mihﬂ_ﬁiﬁ :C - A wil and

(Fogh () =g M= A=

og @3) =1 (g1 @) =1 =2

(1 og™) (47) =/ (g MY =1 (D=3

(1 og™) (19) = (g (19 =/ O)=4
o (Flog ) =1(7,1),(23.2),(47,3) (19, 4} :
Hence from (v) and (vi) we can also conclude that (gof)! =1 og!
B Example 31. If f : R = R, f (x) =3x 4, does f! exist ? If yes find the
formula for f-1.
Sol. Let x, x, € R then flx;) = fix,)

(v

=2 ””wHHI.a. "uﬂml.&

= H_HHM

Hence fis one one function

Again let y € R (codomain), if possible, let x be the pre image of y then f{x) =y
= Ix-4=y = Hnwlw.hmhﬁgﬁu.v

Mgwagﬂmﬂsﬂgamggﬁéhnﬁﬁﬁﬁn%h
ence f is onto. Thus fis bijection hence the inverse ! - R i el
it s i f':R— Rexistlety

o 3 =lmy = galil

= Fo=22 w
3

= Fe=Z= yrer

Hence /: R = R, [\(x) = m.,wm Ans,

IHHEB—muN.Emﬂxiﬁu—.hﬂmi_:u:n .»..,...Al.vh-x.n.ﬂu“
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x-1

= prove that fis is bijection. Also find the formula for .

Sol. If x, x; € A be such that flx,)= fix,)
H__.IN o HHIM
= x =3 = X3 =3
= (x) = 2) (x3-3)=(x; - 3) (x,- 2)
= h_w.ul.uknluh_._._mHh_n»...wn_lw.ﬂu+m
=3xy - 25y =-3xy- 2y
. et et
= X =x,
Hence [ is one-one
Let y € B, if x be the pre-image of y then
J(x) nmluw =
= x-2=yx-3)
= x-2=xy-3y
2-3y 3y-2
- T 1-y " y=-1
Here we see EunEnﬁHwEmnomﬁnQa_nBuﬁomEnoo&cEmumun:
exist in the domain

A = R-{3} Hence f'is onto
= fis one-one onto
So, their inverse exist.
Hma.m_qﬁmaowumuv.g..\._”xihsa:anmuonmuﬁo:aim.
le)=x « fn=y

=2
1) = x-3
_x=2 "l
= g e =l
y 3y-2
Again rio== = F= oy
1 3x-2
= FiR=_
3x-2
= f1:BaA4, i) = i Ans.

@ Example 33. Which of the following definitions of * is a binary opera-

tion on the set gives against. Give reason in support of your answer.
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(iii) Find the invertible elements of

Sol. (i) if a, b mxﬁws%m%%o“ _ah=b+a-ba=bsa
@ty = and multiplication of real numbers |

R with respect to *

|by commutative property of addition

5 ¥ is commutative. . E+?§.nn+@ +n|..mnv+n$+nf§

. *w*ﬁw“h
Al e —atb+c-ab-be-catabe

and @t bt c =(@a+b-g *e=atb-abrc-atb_gy,
—a+b+c-ab-bc—ca+abe -oe.(ii)
from (i) and (ii)
nu@*nvu_?ﬁ&__*n. dn.__m......\.m R
Hence * is an associative operation. .
(ii) If possible, let ¢ be the identity in R for the operation *.
Thus, foranya € R,
a + ¢ =a [by definition of identity]
= a+te-ae=a = el-a)=0
= ¢ =0 (1-a) is not necessarily equal to zero]
0 is the identity for *,
(iii) Let @ & R If possible, let x be the inverse of a. Then, by definition.

a*x =0 (identity)
0 atx-ax=0 = xa-1)=a .
= x=— €R Ifaz|
a+l

a € R (a# 1) is invertible,

@ Example 36. On the set Q* of positive rat . .
are EQ—mﬂﬂﬂ as Wﬁ—_ﬁﬂ.m. ﬁ HH-..\_&_.—P_- gﬁ_ .—H—b'.—@. Oﬂvﬂﬁﬁﬂ-ﬁﬂm

i *h = _H|b. =
) a%=3.Vabe gr ?_n_.__.u%._qsomn;
Prove that both the g

et perations are : B s
their identities and fin Commutative ang associative. Find

d the in :
ierationy: verse of elemeng with respect to these

Sol. _ab
Qe IS T Vabep

Commutative - ash=2 _ba
P 33 =bea
ssociative : g« (h 4 V=(asb),
¢

LHS. =a %3, =g+ ﬁmm,"_
)

FUNCTIONS AND BINARY OPERATIONS A.N

abe hn&
-

Mu*nu__n.vu-n

Hence * is commutative as well as associative.
Identity element : - Let e be the identity element in the binary operation
* Then fora e O

annunlm.un
3
e
= hW|—u a=0 —_...&..va”_
= m.._no = e=3

Let a € 0" If possible let x be inverse element of a then from definition
a * x=13 (identity element)

ax 9
—=3 = @x=9 = x=-—
3 a
ab
._H“_._.”— ﬁ.&.&" M{ﬂ?&mm+
b
Commutative : axh= nﬂ
HW&..M;“&{D_

Associative : a*(h*ec)=(a*bh)*¢c
LHS. =a*(b*c)

&|n abe
n.ﬁL-ﬂ
RHS. - (asb)*c

m@u. _ abe
N Rl

Hence * is commutative as well associative operation.
Identity element :- Let ¢ be the identity element in the binary operation.
* then fora e Q°

ae
a*e= ¥y = a (by definition)

s Bl
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= ﬁ.«w1_uhu= [- nuE
4
= m..l =0 =% nhn
h ]
Leta e QF if possible let x be Eﬁ&n«ﬁ:ﬁ%msﬁ_ from definition.
arx=4 "
= =4 = X= Ans.

4 a .
& Example 37. If § = {f;, f f3 f4 } Whose folofs E“_&m are functions
defined on the set R, of non zero real numbers, as follows.

1 - 1
[0 =3, f; (6) =%, flx) =~ and [y () = ¢
Prepare the composition table of S for the composite of function as b;.
nary operation with the help of the composition table. Find the identity
of the operation. Also find which elements are invertible. Also find the
inverse.

=] 1
Sol. Here we have fy(x) = x, fy(s) = -x, () = — and fy(x) = .

COAY% W =A==
S NA® =ALE=, ) =-x
756 =41 @n=f () =- 1

x

X
LG =L@ =f(x)=-x
1% () =401 = %) -x

HH@ ~hl =4 (-1 - L
R AT AL .

A% =i = [-4] -~ 1

1
RN ® =)= fe = L
x
K% =[KhEl=f (- 1
X
A% @ =1f ) = i;__" .
b

A ¢

T @) =1, 1f () - N .

BY ) =f1f09) =, TW

1
x

FuNCcTIONS AND BINARY OPERATIONS h.@

Al

5@ =L@ =f (9 =- -

1956 =f 1) =4 TT -x

bﬁaubsa_"bE:

x

Composition table of S for the composite functions as binary operations.

O\ h|fa|fzl|ha
NhIh|alfa) /s
IAEARAEAR
SlAlfa| A A
Salfal |2 A
From the above table it is clear that x is the identity element of f;, /5, f3 and f
and ..\._.L x)=x

-1
= = -1 - —
Fo=-x5e= 1,

o Example 38, A = {£2, 1, 0}; B={0, 1, 2, 3, 4}
f:A— Bsit f(ix) = x?

Hlw= s Ans
4 x =

Find type or nature of function. [R.U. 2016}
Solution : f= {(-2, 4) (-1, 1), (0, 0), (1, 1), (2, 4)}
is a many one and onto function.
xample 39, f(x) = 4x* + 3x - 5 and g(x) = 2x + 6 find fog (4) and gof
[R.U. 2016]
Solution : fog (4) = flg(4)] =18 + 6] = f{14)

=414 +3(14) - 5
=821
gof (-2) = g[f(-2)]
=gl[4x4+3x-2-3]
=g(16-6-5)=g(5)=2x5+6
=16
Exercise 2.1

Let A and B sets. Show that /' - 4 x B — B x A such that f{a, b) is bijective
functions.

4x+3 2 2
If fix) = 4" 3 show that fof = x ¥ x # 3

. Consider f: R, — [~ 5, «0) given by f(x) = 9x2 + 6x show that fis invertible with

_ JJy+6-l
o=
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Let x be a binary operation on the set Oo?&mﬂonaggﬁm* b= -~
Check whether * it 835:8:3 Ea mmmoamg%

rQH f i M X — Y be an invertible m.SQE: mwoﬂ ER En
K =F




